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Abstract. We use the newly developed stacky prismatic technology of Drinfeld and Bhatt-Lurie to give a uniform,

group-theoretic construction of smooth stacks BTG,µ
n attached to a smooth ane group scheme G over Zp and

1-bounded cocharacter µ, verifying a recent conjecture of Drinfeld. This can be viewed as a renement of results

of Bültel-Pappas, who gave a related construction using (G,µ)-displays dened via rings of Witt vectors. We show

that, when G = GLh and µ is a minuscule cocharacter, these stacks are isomorphic to the stack of truncated p-

divisible groups of height h and dimension d (the latter depending on µ). This gives a generalization of results of

Anschütz-Le Bras, yielding a linear algebraic classication of p-divisible groups over very general p-adic bases, and

verifying another conjecture of Drinfeld.

The proofs use deformation techniques from derived algebraic geometry, combined with an animated variant of

Laus theory of higher frames and displays, and—with a view towards applications to the study of local and global

Shimura varieties—actually prove representability results for a wide range of stacks whose tangent complexes are

1-bounded in a suitable sense. As an immediate application, we prove algebraicity for the stack of perfect F -gauges

of Hodge-Tate weights 0, 1 and level n.
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1. Introduction

T            D [25]. T        

D́   p-    p-  ;  ,     p-

,     p-   B-T ,      .

F     ,             , 

                F - 

    .
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T          B-L [10, 11, 8]  D [27]. T  

       p-   X  p-  1 Xsyn,  ,

     p-    X. I X = S R  ,   

   Rsyn.2 V    h      -pn —    

  F -  X—   h-        X 

 :    H-T . W :

Theorem A. L BT n(X)     n- B-T   X [36],   V{0,1}(Xsyn)

       Xsyn ⊗ ZpnZ  H-T   0, 1. T    

  

Gn : V{0,1}(X
syn ⊗ ZpnZ) ≃−→ BT n(X)

  C .

Remark 1. H   ( )  ,    [28, §7]. W   BT (X) 

   p-   X:

• T             X    D́-

M [57],  X = Sκ  κ      p.

• A       BT (Sκ)    D́     F [31].

• A      D́     [5],      

J [21]—     B-M [6]—     p-

   D́ F -       Fp  

          p-.

• W X = SR  R   Fp-,    T A    G  L [47]: O

   V{0,1}(Xsyn ⊗ ZpnZ)          Wn(R)-

       . .

• W X = S R  p- R, p-       Z [70]  L [47]

   W  .

• W X  , A̈  L B   [1]     

BT (X)       -      Opris   

. O         T A   . S 

    G-L [32]  M [60],      . M 

         p-     

 X    F -.

• P         L  [44],       p-

    Fp-,            p-,

,  ,  N F - Fp-. F p > 3,       

 p-    Fp-.

• T,             p-  ,    

   p- . O   ,     ,

      :  R 11.5.5      .

Remark 2. T   C     : T     Osyn1 

V{0,1}(Xsyn)   1,  B-K ,         M  Xsyn⊗ZpnZ
    M1. I M  H-T  0, 1,    M∨1,      

   B-T 

Gn(M∨1) ≃−→ Gn(M)∗,

       C   Gn(M).

1This is actually a derived formal stack that is in general not a classical object. We will attempt to ignore this fact in this introduction.
2We have adopted this notation from the lecture notes of Bhatt [8].
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Remark 3. O          D́     

      . U,       p-

   . H,   Gn         B-

T          . I       :

T ,    f : S C → X,  

Gn(M)(C) = τ≤0RΓ(Csyn ⊗ ZpnZ, (f syn)∗M)

A     ,    -    . T

         .

Remark 4. A  ,  [60], M     A̈-L B     

                 

  F -  H-T  0, 1  T  [−1, 0]. I   [56],   

         T A.

Remark 5. A    , Xsyn       , , , 

     Xsyn     ∞-    . H,   

        H-T   0, 1  .

I                Xsyn,   

      . W              

  F -      :    R 8.8.14     

. T       T A       

B-T       - ́ — (  C )    

   -  —   .

1.1. Method of proof. O     . I        G

   BTn  n- B-T     p-  A  [36].3 W  

     G :

Theorem B. T 4

X → V{0,1}(X
syn ⊗ ZpnZ)≃

     p-  A   Zp.

T A         p-  A —     

     Vsyn{0,1},n—    BTn. T   , 

   .

Theorem C. F  M  V{0,1}(Xsyn)   Gn(M)     X   f : S C → X



Gn(M)(C) = τ≤0RΓ(Csyn ⊗ ZpnZ, (f syn)∗M)

     B-T    X.

T B  C         p-  A 

Gn : Vsyn{0,1},n → BTn

T       ,       ,   ,  -

      M : BTn(X) → Vsyn{0,1},n(X)  X = S R  R  

(). F ,       M [60],        A̈-

LB [1]. W      D́   B-B-M [5]   p

3One can circumvent the use of Grothendiecks theorem, and in fact get an alternate proof of it, by making use of the classication

results of Lau from [44]. See Remark 11.5.5.
4We write C≃ for the underlying groupoid of any (∞-)category C.



4 ZACHARY GARDNER AND KEERTHI MADAPUSI

     L [44],            

G  ;  R 11.5.5

W   M  ,               

          Gn  C . T     

:

(1) A   B-L        Gn(Osyn
n 1) ≃ lµ pn ;

(2) R  B-M [6]   J [20]   D́ . I   ,

       D́    DVR   p  .

1.2. Truncated (G,µ)-apertures. T    T B        

      D  [25]. H     : W    

   G  Zp (  !)    µ : Gm → GO    

  O       Qp   1-bounded     L [45],    

     µ   L  g     1. F ,  G  ,  µ

       GO. A  ,  -  d ≤ h  h > 0, 

G = GLh  µ = µd   z → (z,    , z  
d

, 1,    , 1).

W µ    Zp, D        BTG,µ
n     (G,µ) 

        Vsyn{0,1},n  (G,µ) = (GLh, µd). H    

     0- p-  A   Zp. W      

µ         .5

Remark 6. T     BTG,µ
n     -      

 p-    G-. I ,      

         E6  E7,    ,    

        : T       

       p-    . E       

GS2g,           p-       .

F,           , 

                  p-

 . A            BTG,µ
n   

. T A              p- .

T       ,           . F

 p-   R,   Rsyn    . W  () p-  

R∆, RN : T     R   (N)    R, . T 

      :     A1Gm. T       GmGm  

  R∆:     R   R∆  RN . T      R∆ 

RN ,   H-T ,        R . T 

        R∆ .

Remark 7. W R    Fp-,    R∆  S W (R)   RN   R

    p-   W (R):       [S W (R)[u, t](ut−p)Gm].

H, u   1  t   −1,    R  H-T   

   t ̸= 0  u ̸= 0 (      F ). O   -p  

            R—  H  

   —          F .

I  ,        F -  M-P-W-Z [65].

5In fact, one can do this over an arbitrary base, but we restrict ourselves to this case here, since it appears to suce for global

applications.
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L        BTG,µ
n . U  B-K  Osyn

n 1   

µ,      G- Pµ  ON . W   BTG,µ
n   -  

CRp-comp
,O ,    p-  O- R: BTG,µ

n (R)   (∞)-   

G-  Rsyn ⊗ ZpnZ    RN ⊗ ZpnZ      SR  Pµ.

Remark 8. T              K

        S   PEL : W G = GLh, 

        Rsyn ⊗ ZpnZ. A  F -     

   S(R ⊗ ZpnZ)    H . T     

    .

T    [25, C C.3.1].6

Theorem D. T   BTG,µ
n     - -  p- 

A   O   . M,    BTG,µ
n+1 → BTG,µ

n    .

Remark 9. A     ,    B̈-P [17]        

  . H,  —         

    R 7  W —        

       . W     p- ,  

      . W         

  B̈-P      ;  R 9.3.6.

W         K. I [39]: H       G-  

   B-S. S    S 7  . .      

. A       H-P [34],         

   T G .

Remark 10. O        T D   (   [38]

 [59]),              Qp. T   

      , Z. G.

T             BTG,µ
n   

 . I ,            

    [2]. H,        .

L        BTG,µ
n     ,      

  T D   .

F D,          -p  BTG,µ
1 ⊗ Fp. T 

,         (G,µ)   k- DispG,µ
1  F -zips with G-structure

and type µ;  [65]: I    - A   k   ,  DispG,µ
1 (R) 

   Rsyn ⊗ Fp   F -  RFZip     BTG,µ
1 (R). T  RFZip  

      -p ,          . I  ,

  :

Theorem E. T     BTG,µ
1 ⊗ Fp → DispG,µ

1         -

 A     :  ,          

p-    ,  L  . I , BTG,µ
1 ⊗Fp    - A

  k   .

Remark 11. W      µ    Zp,      D [25]. W

         .

6Drinfeld takes the cocharacter µ to be a map Gm → Aut(G) dened over Zp and gives a slightly dierent denition for BTG,µ
n , so

we are technically proving something very closely related to Drinfelds conjecture. See Remark 9.1.4 for a discussion of this.
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W T E  ,       T D       .

F,      BTG,µ
n ⊗ Fp  n ≥ 1. F ,  ,   

P ∈ BTG,µ
n (R),        g  P      (g)P  Rsyn⊗ZpnZ.

I           BTG,µ
n+1 → BTG,µ

n  P      

  F -. T      F -      H-T  

 1:          µ  1-. T     

       ,          T C:

Theorem F. S  R ∈ CRp-comp    M   F -  R    

  Rsyn⊗ZpnZ  T   [−r,∞)  H-T    1. T  

 p- R-  

C → τ≤0RΓ(Csyn ⊗ ZpnZ,MCsyn⊗ZpnZ)

       p-    r-  R.

T        ,  :

Proposition 1. T  

BTG,µ
n (R) → T


BTG,µ

n (R ⊗L F⊗L
Z(•+1)

p )


  .

N ,     ,         . W   

      .

T      ,            BTG,µ
n . T

   (    )  : W   ZpnZ  Zp,  

        . T ,   p-  A  X,   

p-  A  X(n),     

X(n)(R) = X(R ⊗L ZpnZ)

U ,       (R′ ↠ R, γ)  CRp-comp
O      

 

(1.2.0.1)

BTG,µ
n (R′) > BP

−,(n)
µ (R′)

BTG,µ
n (R)

∨
> BP

−,(n)
µ (R)×BG(n)(R) BG(n)(R′)

∨



H, P−
µ ⊂ GO        -       µ,

 BH     H    . T    BTG,µ
n   

   :

Theorem G (G-M ). T     C    

 .

T          G-M ,   

 p-              H  

  . W     R′   Fp-,        

P 1. I           T D   -p  (  

p > 2)   T G        R → RLp. A  

      p = 2.
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O      G-M        -

      , —   R 9—      

 (G,µ)-  B̈-P.

1.3. Higher animated frames. A              

       L [45]. W         . T 

        B-L —    —

           (   )   

     . W          

            .

T           ,      

            . W   

  P 5.9.9,   -   T G    

  ,   :

(1) D      .

(2) A      RFZip    1- W  (  

   L [45]) W1(R).

T         (   )     

  ( )  ,     Z,          

   ,    L [45], B̈-P [17],       B [4]

 H-P [34].

W      ,    T G        

 F               ,

       S 6.

O                   —

 N   —    -    . I 

  §8.7,              - 

            .

W    —           — 

P 5.10.23,        T E.

1.4. Further remarks on the proofs. A            

 1- ,             §4.8. R , 

1-   ( )         p- ,  

     H-T     . T   

           F -  H-T    1.7

G    X  Rsyn ⊗ ZpnZ,        p- R- :

Γsyn(X ) : C → MRsyn⊗ZpnZ(C
syn ⊗ ZpnZ,X )

T   1-        Γsyn(X )  : T 

  §1.2       . E  1-  :

• T   Osyn ⊗ ZpnZ  G-     Pµ   

BGm × Sκ      κ:       T D;

• T     (  )  H-T    1:  

  T C.

• T  P × (Zsyn
p ⊗ZpnZ)   ,        

F -  H-T  0, 1.

7This condition appears essential in order to obtain representable objects: The syntomic cohomology of Breuil-Kisin twists of

Hodge-Tate weights greater than 1 is known to not yield representable functors.
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T               

     A-M   ,     

      . F ,      B  O [15],  

         S 7.

T             . O       

      , ,  ,       

  BTG,µ
∞ [48],       R-Z     p-H 

     p- . I           S

  [54]. W                

BTG,µ
n  G   , -  .

A    ,         T B   F -.

Theorem H. T  Psyn{0,1},n    p-  R  ∞-    

Rsyn ⊗ ZpnZ  H-T   0, 1         p- 

A   Zp. M,   Psyn0,n     Rsyn⊗ZpnZ  H-T

 0      p-        ZpnZ-.

T      [56]   T A        p-  

   X      F -.

1.5. Application to Shimura varieties. T D     ,     

    (K.M.)     . S  (G,X)   S      

 E. S  G    p    GZp
:      E  

 p. F   v  p  E,    OEv
-  µ−1 : Gm → GOEv

  (

 )    S   X. T,     K ⊂ G(Af ) 

Kp = GZp
(Zp),       SK  OE,(v). L SF

K      

-v . C       I-K-Y  [37],     ;

 p > 2,      . .,          (  ) [54].

Theorem I. T     ́ 

ϖ : SF
K → BT

Gc
Zp ,µ

−1

∞ 

W (G,X)   S ,     (   )   T A   

         p- .

T          §11.6. T  Gc   -   

G,  µ   OEv
-        S    X.

T              -́ Gc(Zp)-   

   S           [8, §6.3]       

 .

T            [54]  [48].

1.6. A note on the terminology. V        (G,µ)    

,               . H  

     :

• F    pn- ,      n-truncated:   

 T 11.1.4      B-T .

• F     ( )    S 5,     

(G,µ)-windows: T   Z    [70].

• U    D,      (G,µ)-display      W

 :        [17].
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• F,         ,      (G,µ)-

aperture: T ( )          ,  

   ,         .

• G   ,     (G,µ)-     (G,µ)- 

   ( R 9.1.3):   ,          

 .

1.7. Structure of the paper.

• W   S 3      . W       W

,          .

• I S 4,                  C.

S         A1Gm. W       

 1- ,            .

• S 5        . H,   

  L        [45]     (, 

 ,        ). W       

  G-M   1-   § 5.9,       

    F -, T E,  § 5.10.

• I S 6,    -   D  B-L  [8], [10], [11]

 [27]. O    N   —   

J E R́ı C—         . U 

,    § 6.11           

,     D  B-L   —  R —

N   . W          

F             .

• S 7     B-O         

                 

   .

• W             1- :

   S 8. W     : R     F -  

          -p   Fp-  

        § 5.10. T     

    Fp-,         p-

. W            F -,  

T F  H.

• S 9       BTG,µ
n   T D, E  G    

     .

• I S 10,          I [38]     

   BTG,µ
n       N ,     

   F  [30, §7]           

BTG,µ
∞ = ←−n

BTG,µ
n .

• F,  S 11,        T A. T     

  (  )         R

  .

• T   A            

     S 4.
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W   E L           .

V      A M          .

C,                 

 T A,                   .

2. Notation and other conventions

(1) W    ∞- . T    ,  (  

) , ,  ,   .         ,

  .

(2) W   S    ∞-  , ,   :  ,  

    Q          .

(3) A  X → Y  S  surjective     π0(X) → π0(Y )      ;  

    ↠.

(4) F  ∞- C    c  C,    Cc (. Cc)    ∞- 

 c → d (. d → c).

(5) W            animation,     [58, A A].

T       - ∞-    ,   

  C    C0  ,  . T      

 ∞- PΣ(C0)      C0    .

(6) W    CR  ∞-  animated commutative rings,     

       . O       

     .

(7) W      CR: F  n ∈ Z≥0, CR≤n     

CR     R  πk(R) = 0  k > n;  ,   n-truncated objects. I

n = 0,    CR   CR≤0:     discrete   

,             .

(8) A    R   Postnikov tower τ≤nRn∈Z≥0
 R → τ≤nR  

   R  CR≤n     R → ←−n
τ≤nR   .

(9) W        stable ∞-category  [50]:    ∞-   

 . T     ∞- MR,   ∞-  R-.

W              H−1(M)  

π1(M).

(10) A      ∞- C          0, ,   

f : X → Y  C,    homotopy cokernel (f)      0 → Y  f .

W       YX   .

(11) I R ∈ CR     , M ∈ MR     R-,  a1,    , am ∈ R

   ,    ML(a1,    , am)     

M ⊗L
R R(a1,    , am)

(12) I   ∞- C    X  C,   X[1] = (X → 0):     

C → C   X → X[−1],    (f : X → Y ) = (f)[−1].

(13) G     R,    Mcn
R    ∞-   

  ( ,       ),  P(R)   

∞-     .

(14) W     τ≤0 : MR → Mcn
R          

  . T     τ≤n    τ≥n   n ∈ Z
   .
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(15) I f : X → Y     Mcn
R ,   cn(f) = τ≤0 (f):    connective (homotopy)

kernel.

(16) F   ∞- C,    MC(X,Y )       

  ∞-   . W      ∞-  MR,  

Mcn
Z -,            Mcn

Z . I  ,  

    MC(X,Y )  Mcn
Z   RHC(X,Y )  MZ  

RHC(X,Y ) = k≥0 MC(X,Y [k])[−k] ∈ MZ 

W C = MR      R,     internal Hom  MR,  

   RHR(X,Y ).

(17) W   ∆    simplex      0, 1,    , n    

 -   .

(18) A cosimplicial object S(•)   ∞- C   

∆ → C
[n] → S(n)

I C  ,    TS(•)       :    totalization

 S(•).
(19) G  ∞- C   ,    S  C     

 S(•)  C,  C̆ech conerve  S(n) =


i∈[n] S.

(20) I X   ()  (.    MR   R),  N ∈ Z\0,    X[N−1]  

- SZ[N−1] ×X → SZ[N−1] (.   - Z[N−1] ⊗Z X  MZ[N−1]⊗ZR).

O       ,      .

3. Stacks and other preliminaries

3.1. Square-zero extensions and dierential conditions. G   (R,M)  R ∈ CR  M ∈
Mcn

R ,      R M ∈ CRRR,  trivial square-zero extension  R  M : T 

         R     M    R-

   -  RM .

I R ∈ CRA,  

DA(R,M) = MAR(R,RM)

T     A-derivations  R valued in M . W     A- dtriv = (, 0).

A square-zero extension  R  M  CRA     R′ ↠ R  CRA    

 A- d : R → R M [1]     A-

R′ ≃−→ R×d,R⊕M [1],dtriv
R

W   cotangent complex LRA ∈ Mcn
R :          S → S′

    Z          Ω1
S′S ,    

  ,       RM ↠ R,     

MR(LRA,M)
≃−→ DA(R,M)

Denition 3.1.1. A R- C ∈ CRR  nitely presented ( R)    S → MCRingR
(C, S)

  . F     C,    LCR ∈ Mcn
C  ;  [50,

(17.4.3.18)].

I   LCR  1-,    C  unramied  R;  LCR ≃ 0,    C  étale

 R.

W      C ∈ CRR  smooth  R  LCR ∈ Mcn
C      .

I  quasi-smooth  LCR    T  [−1, 0].
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3.2. Derived (pre)stacks. S  C   ∞-      , 

  ,   . A C-valued prestack over R ∈ CR   

F : CRR → C
I C = S,     F  prestack over R. S     ∞- PSR.

W        ∞-     SR′  R ( 

  CRR),            (. ́) —

,       (.    ́)  SR′ → SR.

Denition 3.2.1. F T̈-V [68],     F  0-geometric    F ≃ SR′  

R′ ∈ CRR, , ,     n-geometric derived Artin stack over R    n ≥ 1 

   ́       f : U = i∈I SR′
i → F  ́   R′

i ∈ CRR

   : F  S ∈ CRR  x ∈ F (S),  - U×f,F,x SS → SS

    (n− 1)-  A   S.

F L [49, §5],     F   derived Artin n-stack over R    m-  

m     F (R′)  n-    R′ ∈ CRR,. A  A 0-  R  

  derived algebraic space over R.

A derived Artin stack over R    F     A n-   n ≥ 0. I R = Z, 

     A  .

A   X → Y    R   relative derived Artin stack ,   R- C  

y ∈ Y (C),  - Xy → SC    A   C.

Denition 3.2.2. A  F  R  locally of nite presentation  locally nitely presented  

   Cii∈I  CRR   C ∈ CRR,   

i∈I F (Ci) → F (C)

  .

I  almost locally of nite presentation            

    k-   R-   k ≥ 0.

Denition 3.2.3. A  F  R  formally smooth    -  C ′ ↠ C  CRR,

  F (C ′) → F (C)  .

A  A   R  smooth        .

Denition 3.2.4. A  F  A ∈ CR       classical        

   K   CRA     Fcl : CRπ0(A) → S: T ,     

   SB  B ∈ CRπ0(A)   ∞-     CRop
A. T 

F → Fcl        .

3.2.5. F   F ∈ PSR,    ∞- QC(F )  quasi-coherent sheaves on F . T

      [52, §6.2.2]:  ,      K   

   S ∈ CRR  MS . O      M  QC(F )    

    x ∈ F (S)   Mx ∈ MS   -. T ∞- 

 -  F  quasi-geometric [52, §9.1]:    F      -

          . M        

   -         ;  C ??.

Denition 3.2.6. W    M  connective  Mx   Mcn
S   x ∈ F (S)  . W

     almost connective ,   x ∈ F (S),   n ∈ Z≥0   Mx[n]  .

W      perfect ,   x ∈ F (S), Mx  . I  almost perfect ,   x ∈ F (S),

Mx   : T ,   m ≥ 0   Mx[m]     ,   k ≥ 1,

τ≥−k(Mx[m])        ∞-    k-  
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 MS . C,                

 S-   . S [50, §7.2.4],[33, A A].

W QCcn(F ) (. QCacn(F ), . P(F ), . AP(F ))   ∞-   

 (.  , . , .  )   QC(F ).

Denition 3.2.7. F [52, §17.2.4],       f : F → G  PSR admits a cotangent

complex    LFG ∈ QCacn(X)  ,   C ∈ CRR,  M ∈ Mcn
R ,  

x ∈ F (C),     

MC(LFG,x,M)
≃−→ (f(x)[M ],x)(F (C M) → G(C M)×G(C) F (C))

H, f(x)[M ] ∈ G(C M)     f(x)     G(C) → G(C M).

I F = SC  G = SD,   Y,   f : F → G     D → C 

CRR,  f    ,  LCD.

Remark 3.2.8. S  F       A   R ∈ CR   

  LFR      - T-. T F    . B

     n  F   n-  A ,       

R-    R   ;  [49, P. 3.4.9].

3.3. Derived vector stacks. W           R-

M   R- V(M)     SR(M
∨)      R- M∨  M .8

I       S → HR(M,S).

O   ,   R ∈ CR      M ∈ MR,  

CRR

S →MapR(M,S)−−−−−−−−−−→ S

I         A n- V(M)  R  n    M [n] 

. W M  ,             

 SR(M),           .

I         V(M)     

LV(M)R ≃ OV(M) ⊗R M

3.4. p-adic formal stacks. L CRp-nilp     CR     R   p

   π0(R).

Denition 3.4.1. A p-adic formal prestack  R ∈ CR    S-   CRp-nilp
R .

Denition 3.4.2. F  R- S,       SS  CRp-nilp
R   p-

 , ,  p      ,      S S. T   

 p-  S.

Denition 3.4.3. A p-     derived p-adic formal Artin stack ,   n ≥ 1, 

  CR(ZpnZ)      A . G    p-  A 

F ,       foo,         A , ,    n ≥ 1, 

  F  CR(ZpnZ)    A    .

Denition 3.4.4. S       A ↠ A  CR   J   π0(A)red  

Fp-. T     p-   S(A, J)    C ∈ CRp-nilp 

S(A, J)(C) = MCRing(A,C)×MapCRing(π0(A),π0(C)red) MCRing(π0(A)red,π0(C)red)

I  ,      A → C      J     π0(C). I J  

 ,      S(A) .

8This is Grothendiecks convention.
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Remark 3.4.5. L CRp-comp     CR    () p- 

 . T  p-   Y        CRp-comp. F 

p- A,  

Y(A)
defn
= ←−

n

Y(ALpn)

M ,       Y      A,     A

    p-  A.

3.5. Weil restrictions. A            - W

   - . T            

 T D.

Denition 3.5.1. G R ∈ CR,    X  RLpn,     Weil restriction

R(RLpn)R X    p-    R    

CRp-nilp
R

C →CLpn

−−−−−−−→ CRRLpn
X−→ S

Denition 3.5.2. I Y   p-    R,   

Y (n) = R(RLpn)R(Y CRing
RLpn

)

T      α(n) : Y → Y (n)     Y (C) → Y (CLpn).

Remark 3.5.3. T    

QC(X)
F →F(n)

−−−−−→ QC(R(ZpnZ)Zp
X)

W  x̃ ∈ (R(ZpnZ)Zp
X)(C)   x ∈ X(CLpn)     F (n)

x̃ ,   

  Fx[−1] ∈ MCLpn  MC .

Proposition 3.5.4. S      Y → Z    ZpnZ      

  (. , . ́)  A r-    L defn
= LYZ . T

R(ZpnZ)Zp
Y → R(ZpnZ)Zp

Z

         (. , . ́)  p-  A

(r + 1)-,      

L(Res(ZpnZ)Zp Y )(Res(ZpnZ)Zp Z)
≃−→ L(n)

P. S

Ỹ = RZpnZZp
Y ; Z̃ = RZpnZZp

Z

T ,     ỹ ∈ Ỹ (C)   y ∈ Y (CLpn)   z̃ ∈ Z̃(C)  

z ∈ Z(CLpn). L z̃′ ∈ Z̃(C M)      z̃   z′ ∈ Z((C M)Lpn). T  :

(ỹ,z̃′)(Ỹ (C M) → Ỹ (C)×Z̃(C) Z̃(C M)) = (y,z′)(Y ((C M)Lpn) → Y (CLpn)×Z(CLpn) Z((C M)Lpn))

≃ MCLpn(Ly,MLpn)

≃ MCLpn(Ly,RHC(CLpn,M [1]))

≃ MC(in,∗Ly[−1],M)

T        .

N,    SR → Z̃  R ∈ CRp-nilp     SRLpn → Z,   

Ỹ ×Z̃ SR ≃ R(RLpn)R(Y ×Z SRLpn)

T,        Ṽ
defn
= R(RLpn)R V      

 A (r + 1)-  R  V        A r- 
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RLpn. I π0(R)   G-, ,           , 

    A-L  [49, T 7.1.6]. T      

    .

F   ,  ,  Y    Z,   L      T-

 [0,∞),  L(n)     T-  [0,∞),   Ỹ    A   Z̃.

T     Ỹ  ́  Z̃  Y  ́  Z. □

3.6. Divided powers. W         ,     

γ    R′ ↠ R  CR     .

3.6.1. W     [58, §3.2],     ∞- APDP   

 :      E0     PDP    

(R′ ↠ R, γ)       

(D(Y )Z[X,Y ] ↠ Z[X ], γ)

 X,Y       D(Y )Z[X,Y ]       Z[X,Y ]
Y →0−−−→ Z[X]

     ,    APDP = PΣ(E0)    ∞-  

    E0. T   PDP → APDP    Y  

 ;  [58, L 3.13].

3.6.2. T     APDP → AP          ∞-

 AP    R′ ↠ R,         γ    

        . T      ,  divided power

envelope,  f : R′ ↠ R    D(f) ↠ R      . F  ,

    [58, §3.2].

Denition 3.6.3. A divided power extension (or thickening)    (R′ ↠ R, γ),  γ   

   R′ ↠ R.

3.6.4. W        . F  R ∈ CR   M ∈ Mcn
R ,

   animated divided power algebra ΓR(M):         

   (R,M)  R         M     R-

    [7, A. A]. T             

  D-P [23].

B , ΓR(M)     CRR,      R- M → ΓR(M)  

   . T  ,  G♯
a     S ΓZ(Z):     

        Ga.

Lemma 3.6.5. F  M ∈ Mcn
R     R- C,     

MCRingR
(ΓR(M), C)

≃−→ MR(M,G♯
a(C))

P. B         M   Mcn
R → Sop  

 . T,  [51, P. 5.5.8.15],         

     R-   . T ,     

MCRingR
(ΓR(R

n), C)
≃−→ G♯

a(C)n;

    

ΓR(R
n)

≃−→ ΓR(R)⊗R ⊗ · · ·⊗R ΓR(R)  
n

 CRR. T  ;    [7, P. (A2)].

□
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Remark 3.6.6. F  m ≥ 1,        um : G♯
a → Ga    

   -m  Γm
Z (Z) ⊂ ΓZ(Z):    m-   . I R′ ↠ R   AP 

  I,       I       R′- ΓR′(I) → R′—

   R′- I → G♯
a(R

′)— :

• A       I → ΓR′(I) → R′    ;

• F  m ≥ 1,   γm : I → I   

I → G♯
a(R

′)
um−−→ R′

I   ,     γm       I .

Denition 3.6.7. S  (R′ ↠ R, γ)       π0(R
′)  p- . T 

   R′ ↠ R   locally nilpotent (. nilpotent)     γp : I → I   

9 (. ) . I      ,  nilpotence degree 

   m ≥ 1   γm
p  .

Remark 3.6.8. W (R′ ↠ R, γ)        p-  ( ,  

    PDP  R′ p-),          

x ∈ I = (R′ → R)  γm(x) = 0   m  . I,  γr
p(x) = 0,    

       p-     ,   m ≥ 1,   k < pr,

    u ∈ Z×
(p)  

γprm+k(x) = uγm(γr
p(x))γk(x) = 0

Remark 3.6.9. I I   ,            

m ≥ 1     I [m] = 0. H, I [m]      γr(x)  r ≥ m  x ∈ I. I, 

x1,    , xk    I,   n0    γm(xi) = 0   m ≥ n0. T  

γn(y1 + · · ·+ yk) =


n1++nk=n

k

i=1

γni
(yi) ; γn(ay) = anγn(y)

    γm(x) = 0   x ∈ I   m ≥ kn0.

4. Filtered abstractions

T               

           1- . W   ,     

 ,   .

4.1. Graded rings and modules.

4.1.1. A ,           Gm- . T,  R ∈ CR, 

   ∞-  graded animated commutative R-algebras       ∞-

       X → BGm×SR. L O(1)       BGm,

  O(i) = O(1)⊗i. T,      X → BGm × SR,     

     B• = iBi,  Bi = RΓ(X,O(i)),   X = (SB•)Gm.

9That is, a map that is a ltered colimit of nilpotent endomorphisms. Here, nilpotence is being used in the context of pointed

spaces, where a self-map f : (X, ∗) → (X, ∗) is nilpotent if some power fm is nullhomotopic, that is, is homotopic to the constant map

with value ∗.
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4.1.2. T ∞- GMB•  graded B•-modules    QC(X). S,  F  

   X,           M• = iMi,  Mi =

RΓ(X,F⊗O(i)). N         ∞-,     

    M•  N•  GMB• 

M• ⊗B• N•

W    MB•(M•, N•)      .

G    M•  B•    i,    i-shifted moduleM•(i): I M•  

    F  (SB•)Gm, M•(i)    F⊗O(i)   (M•(i))m = Mm+i.

4.1.3. N          graded perfect B•-  graded vector bundles

 B•:       (.  )  X.

F  R- C,     BGm×SC → BGm×SR   C   

. I  ,       C-, .

4.2. Filtered objects via the Rees construction. W         A1Gm,

   Gm        (t, z) → tz−1. E,      L
    t : L → O.

4.2.1. T           [63]. M ,   R ∈ CR,

    

QC(A1Gm × SR)
≃−→ FMR,

        ∞-     MR: ,  R = π0(R)  ,

           .

S,   ,    F• M        Gm-

R[t]-

R(F• M) =


i∈Z
Fi M · t−i

O    t     1. F      ,      

    O(n) = O(1)⊗n  A1Gm    n ∈ Z: H, O(1)    

  L⊗−1. N      t : O(i) → O(i + 1). G  -  F 

A1Gm × SR,       F• M   Fi M = RΓ(A1Gm × SR,F ⊗ O(−i))

      t.

Denition 4.2.2. A R- M ,    -   SR     -

  A1Gm×SR,      R- F•triv M   R- M . T 

   trivial ltration  Fitriv M = M  i ≤ 0  0 .

Denition 4.2.3. A ltered stack over R   R- X      A1Gm × SR;  

       R- X(t ̸=0)    X(t=0) → BGm.

4.3. Filtered animated commutative rings and ltered modules.

4.3.1. T R          ltered animated commutative R-

algebras. T       A1Gm × SR. S,   

R- F• S,  Gm- R[t]- R(F• S)    Gm-   

  R[t]-,           A1×SR 

   

R(F• S) → A1Gm × SR

W          Rees stack. N          

GmGm     SS,     BGm       

  


i −i S.
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N           ∞-      

     F• S:            R(F• S).
M,              F• S-.

O       R    F•triv R     

    A1Gm × SR: W  Fitriv R = R  i ≤ 0  Fitriv R = 0 .

4.3.2. A ltered module  F• S     -  F    R . O

, ,        F• M   S- Fi M     

    F . W FMFil• S    ∞-. W      

    MFil• S( , ). I F•triv S    ,      MFilModS
( , ) 

  .

N        ∞-  ,     

       R . W        F• S-
 F• M  F• N 

F• M ⊗Fil• S F• N

U  ,       ltered perfect     ltered vector

bundles  F• S:      (.  )    R .

P  R(F• S)     R(F• S)(t=0)       FMFil• S

 GMgr• S :             .

4.4. Increasing ltrations. T              A1
+Gm 

    u : O → L:        Gm  A1. W   A1
+×SR =

SR[u]  u    −1.

Q-            F• M ,  

             F• S. W  

  R   R+(F• S). S,  

R+(F• S) = S



i

Fi S · ui


Gm

O      R    Ftriv• R      

    A1
+Gm × SR: W  Ftrivi R = R  i ≥ 0  Ftrivi R = 0 .

4.5. Filtered deformation theory.

4.5.1. E     F• S       F• R 

    LFil• SFil• R:     F• S-     

   R . T       :

A       F• S′ → F• S   ltered square-zero extension  

   Gm-    A1Gm     . I    

         F• S- F• M .

G     F• M  F• S,      -  F• S 
F• M . W     :

MFil• R(F• S,F• S  F• M) ≃ MFil• S(LFil• SFil• R,F• M)

S        F• R-derivations  F• S  F• M .
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O    -    F• M          C

   
F• S′ > F• S

F• S
∨

d
> F• S  F• M [1]

dtriv

∨

                  F• R-.

4.5.2. N   X → R(F• S)    (  )      

LX
defn
= LXR(Fil• S). F   F• S- F• A, 

X(F• A) = MR(Fil• S)(R(F• A), X)

T    C 
X(F• S′) > X(F• S)

X(F• S)
∨

d
> X(F• S  F• M [1])

dtriv

∨

M,   x ∈ X(F• S),  LX  x     F• LX,x  F• S,   

  :

x(X(F• S  F• M [1]) → X(F• S))
≃−→ MFil• S(F• LX,x,F• M [1])

4.6. The attractor stack. T        (   )  [24].

Denition 4.6.1. S      Y → BGm ×SR. T  xed point locus  

 X0  R-  

Y 0(C) = MBGm×SpecR(BGm × SC,Y)

Denition 4.6.2. S      X → A1Gm × SR;   attractor stack 

 attractor    X−  R-  :

X−(C) = MA1Gm×SpecR(A1Gm × SC,X )

W      X0       X(t=0)  X     BGm×SR.

4.6.3. I  , X− (. X0)   W   X (. X(t=0))  A1Gm × SR (.

BGm × SR)   SR. N      

BGm × SR → A1Gm × SR → BGm × SR

 

X0 ← X− ← X0

    .

4.6.4. I     X → A1
+Gm         repeller X+  

X ,     X0 → X+ → X0     .

I Y → BGm    ,              

  A1Gm  A1
+Gm, .

Remark 4.6.5. I X         BGm,      D  [24].



20 ZACHARY GARDNER AND KEERTHI MADAPUSI

4.6.6. S  X       A1Gm×SR       

  . N ,  X−,         F• L−
X : T

   x ∈ X−(C)           

LX(A1Gm×SpecR)  A1Gm × SC  x.

S,  X0,         L0
X ,•:      

     F• L−
X  X0 → X−.

Lemma 4.6.7. T  X−        X;  

LX−R ≃ L−
X F1 L−

X 

S,   X0        X 

LX0R ≃ L0
X ,0

I ,  

LX−X ≃ F1 L−
X [1]

P. F    §4.5,   ,  C ∈ CRR, M ∈ Mcn
C ,  x ∈ X−(C),  

x(X
−(C M) → X−(C)) ≃ MFilModC

(F• L−
X ,x,F•triv M) ≃ MC(L

−
X ,xF1 L−

X ,x,M)

T       . T       ,      

  

LXRX− → LX−R → LX−X 

□

W          X−, X+  X0   H-L 

P [33, E 1.2.2].

Proposition 4.6.8. S  π0(R)   G-   X → A1Gm × SR     

  A 1-  - (. ) . T X−, X0, X+   

   A 1-  R,   X    A1Gm × SR,  X−, X0, X+  

- (. ) .

P. W       ,   L    A 

 [49, T 7.1.6].

I      X−, X0, X+   ́       ,

   . W          ,

           1- .

T           ( (3)  . .). T   [33] 

             ,      

    . W           

    .

F X0,   P A.2.1.

F X− (   X+  ),       

MA1Gm×SpecR(A1Gm × SC,X ) → ←−
m

MA1Gm×SpecR(A1Gm × SCmm,X )(4.6.8.1)

  . H, C     N R-    m.

F ,     P A.2.2 ,   N B ∈ CR,R,  

MA1Gm×SpecR(A1Gm × SB,X )
≃−→ ←−

n

MA1Gm×SpecR((A1Gm)(tn=0) × SB,X )
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V   ,     X−        

X0.10

I         ,   [33, P 5.1.15]. □

4.7. 1-bounded xed points. S  Z → BGm × SR       

 A    Z0 → SR      .

Denition 4.7.1. A   §4.6.6,  Z0         L0
Z,•. T

 Z0
1-bdd  1-bounded xed points     Z0    L0

Z,i ≃ 0  i < −1. I L0
Z,i  

  i < −1,          i,         

 Z0.

Example 4.7.2. S    M ∈ AP(BGm × SR)     R- M•.
T    Z = V(M) → BGm × SR      .

O        Z0       V(M0) → SR,  

    L0
Z,•       M  BGm × V(M0). T 



Z0
1-bdd = V(M0)×SpecR (SR)1-bdd,

 (SR)1-bdd ⊂ SR     Mi    i < −1.

Example 4.7.3. C   P : R → P(R)≃  CR:        

 A   Z;  [67, § 3].

N  Z = P ×BGm → BGm:     Z0    R ∈ CR  ∞- 

  R-.

T    P  M∨
taut ⊗Mtaut,  Mtaut ∈ P(P)     . F

,        L0
Z,•  M∨

taut,• ⊗Mtaut,•,  Mtaut,•    

   Z0.

N, Z0
1-bdd      M∨

taut,i ⊗Mtaut,j ≃ 0   i, j ∈ Z  j − i > 1.

I ,    Mtaut,i ≃ 0  i ̸= 0, 1      Z0
1-bdd.

Remark 4.7.4. I Z     ,  L0
Z,•     ,   

  1-            T0
Z,•     

T0
Z,i ≃ 0  i > 1.

4.8. 1-bounded stacks.

Denition 4.8.1. S  A ∈ CR  R ∈ CRA. A R-pointed graded prestack  A  

 Y → BGm,A     ι : BGm × SR → Y   . I , 

  ,    A  Z → Y       Z0 → SR 

  -  Z  BGm × SR.

U R   ,        (Y , ι)    . I   ι 

   ,      Y     .

Denition 4.8.2. A 1-bounded stack X = (X, X0) → (Y , ι)  (Y , ι) (  Y  ι    )

    :

(1) A       A r- X → Y ;

(2) A   X0 → X,0   X,0
1-bdd,        xed point locus

 X .

O      1-   Y    .

10This argument is closely related to one appearing in [24].
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4.8.3. S  Y → A1Gm × SA      ,   ι       

A1Gm×SR → Y  A. T      1-  X → Y  attractor X− → SR

  X− defn
= X,− ×X♦,0 X0. H X,−      -  X  A1Gm × SR.

A,    A1
+Gm × SR → Y ,       X+.

4.8.4. I (Z , η) → (Y , ι)         η : BGm × SC → Z  X = (X, X0) 

 1-   Y ,  

M(Y,ι)((Z, ι),X ) = MY(Z ,X)×X♦,0(C) X
0(C)

H,  

MY(Z ,X) → X,0(C) = MY(BGm × SC,X)

     η.

I η  ι    ,     MY(Z ,X )   .

H    :

Example 4.8.5. E 4.7.2  ,  M ∈ AP(Y)        

BGm×SR        ≥ −1,    X defn
= V(M) → Y 

 1-   Y  X0 = X,0.

Example 4.8.6. E 4.7.3  ,  Y = BGm (        

),     1-  P{0,1} → BGm  P
{0,1} = P × BGm,  P 0

{0,1} ⊂ P,0
{0,1}   

     M•  Mi ≃ 0  i ̸= 0, 1.

F     (Z , η) → BGm,  

P{0,1}((Z, η))
defn
= MBGm

(Z ,P{0,1})

  ∞-     Z    η     0, 1.

I   A1Gm → BGm     ,       

R → P{0,1}(A1Gm × SR)

    F• M  i M ≃ 0  i ̸= 0,−1.

S,     A1
+Gm → BGm        

F• M  i M ≃ 0  i ̸= 0, 1.

B         A   SZ. T   

 A-L :     ,        

A A.

Example 4.8.7. W     V{0,1}  P{0,1}       V
{0,1} ⊂ P

{0,1}, 

         .

F    -  d ≤ h,        1-  Vh,d
{0,1} =

(V
{0,1}, V

0,h,d
{0,1} ),  V 0,h,d

{0,1}              

 M•   Mi ≃ 0  i ̸= 0, 1,    M1       d  M0    

  h− d.

T  V −,h,d
{0,1}        F• V : V   h; i V ≃ 0  i ̸= 0,−1;

 −1 V   d.

4.9. Cocharacters of group schemes and twisted group stacks. T    

 [25, §2.3]. S  G            R  

µ : Gm,R′ → GR′       R′ ∈ CRR,   Gm,R′ -  GR′   

.
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Remark 4.9.1. I [25], D        Gm,R   G   

Gm,R′ → A(G)R′ . F ,       G = Ga       Gm.

T    —   —           -

   R′-  G⋊µ Gm,   -        Gm,R′  GR′ 

µ.

S  R 9.1.4 .

4.9.2. T    GR′     µ     Gµ  BGm,R′ . W  

U±
µ ⊂ P±

µ ⊂ GR′  P±
µ U±

µ ≃ Mµ   : N, P−
µ (. P+

µ )    (. )

  -  Gµ  A1Gm × SR′,  Mµ       Gµ.
E,   R′- S,  

P−
µ (S) = MBGm,R


A1Gm × SS,Gµ


; P+

µ (S) = MBGm,R


A1

+Gm × SS,Gµ

;

Mµ(S) = MBGm,R
(BGm × SS,Gµ) 

R     GmGm ⊂ A1Gm         P±
µ → G. T

 Mµ → P±
µ       P±

µ (  G)  µ.

T  U±
µ ⊂ P±

µ        Mµ.

4.9.3. I   L ,    µ       -  g
defn
= LG  R′:

gR′ =


i∈Z
gi,

 Gm   gi  z → z−i. W  :11

LP±
µ =



±i≥0

gi ; LU±
µ =



±i>0

gi ; LMµ = g0

W G  ,              G 

 µ.

4.9.4. N    µ : Gm,R′ → GR′   

Bµ : BGm,R′ → BGR′

   G- Pµ → BGm,R′ : T          

Gµ → BGm,R′ ,    Pµ   

BG×BGm,R′
≃−→ BGµ

 BGm,R′ -  Pµ    Gµ-.

I ,      Gµ-   BGm,R′ -   G-,   .

4.9.5. C     (BGm,R, ιR′),  ιR′ : BGm,R′ → BGm,R    .

I     Z = BG×BGm → BGm,R,      Z0  R′ ,  

C ∈ CRR′, G-  BGm × SC.

N      (4.9.4),   R′- C,     Z0(C)   ∞- 

Gµ-  BGm × SC. U ,   ,   C ∈ CRR′, Z
0(C)  

∞-       :

• Gµ-  BGm × SC;

• G⋊µGm-  P → SC     G   P   G- 

C.

I   ,  C ∈ CRR′   G- Q → BGm × SC,    Qµ   -

 Gµ-.

11We are following the sign conventions from [45]
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Lemma 4.9.6. T        BMµ → Z0     

 G- Q → BGm × SC       SC  :

(1) T   ́  C → C ′      Q  BGm × SC ′   

Pµ ⊗O C ′;
(1) T   ́  C → C ′      Qµ  BGm × SC ′  ;

(2) F    C → κ  SC,  G- x∗Q  BGm×Sκ    Pµ⊗Oκ;

(2) F    C → κ  SC,  Gµ- x∗Qµ  BGm × Sκ  ;

(3) F    C → κ  SC,  G- x∗Q  BGm×Sκ    Pµ⊗Oκ;

(3) F    C → κ  SC,  Gµ- x∗Qµ  BGm × Sκ  .

P. T (),()       ,     Q  Qµ   

()    .

T  BMµ → Z0    Mµ- P0  G-      

Mµ → GO: S  G-           G⋊µ Gm.

L          BMµ(C)     Gµ-  BGm×SC

       (1), (2)  (3). F  (1),   : G   

 BGm × SC       ́   C        Gµ, 

   Mµ.

T ,       BMµ        Z0. T      

 ,  D   [25, §C.2.3]       Z0   G-  

 Gm → G ⋊µ Gm      Gm. N, BMµ        Z0

     . □

Remark 4.9.7. L Z−    (  -  A1Gm ) Z. T    Z−(C)×Z0(C)

BMµ(C)    Gµ- Qµ  A1Gm × SC    : T 

 ́  C → C ′      Qµ  A1Gm × SC ′  . I,   

   Gµ- Qµ  A1Gm × SC     BGm × SC   .

T   Qµ    A1Gm × SC,   

MA1Gm×SpecC(A1Gm × SC,Qµ)
≃−→ ←−

n

MA1Gm×SpecC((A1Gm)(tm=0) × SC,Qµ)

S    P 8.4.4.

I , Z− ×Z0 BMµ       ́       

 Gµ,     P−
µ . I  ,   Z− ×Z0 BMµ ≃ BP−

µ .

4.10. 1-bounded cocharacters. H,         1-    T D.

T     .

Denition 4.10.1. F [45],     µ  1-bounded ,      µ,  

gi = 0  i > 1. I  ,    g+µ = g1.

I G  ,         µ  .

Lemma 4.10.2. I µ  1-,      :

V(g+,∨
µ )

≃−→ U+
µ 

I ,   C ∈ CRR′,    

g+µ ⊗R (CLpn)
exp−−→
≃

U+,(n)
µ (C)

P. S [45, L 6.3.2]. □
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4.10.3. W        Z0
1-bdd   1-   µ. F , 

   ,    W  G   R′,       G-

P  BGm × SC       M•(W )P  SC.

I  ,       M•(W )  Z0. N,     T0
Z,•  Z0

  M•(g)[−1].

T 1-  Z0
1-bdd           Mi(g) ≃ 0  i > 1.

O BMµ,   i ∈ Z,      M0(gi)      gi 

  Mµ-. T   T0
Z,•  BMµ          

i∈Z M0(gi)(−i)[−1]. I ,  1-  µ       1- .

T ,      BMµ → Z0
1-bdd.

Denition 4.10.4. B(G, µ)    1-       (BGm × SR, ιR′) 

   (BG×BGm, BMµ).

R 4.9.7     B(G,µ)−   BP−
µ ,       

  BP+
µ .

Remark 4.10.5. I         B(G,µ)        

 Bµ : BGm,R′ → BGR′ . I ,      µ    .

4.11. Deformations of 1-bounded xed points. S  Y = S(B•)Gm   - 

   B•.

4.11.1. F  m ≥ 0,        B• → B≥−m  

 B0-


i≥−m Bi(−i). T  ,        ∞-  -

    : T           

-   ,           

        - . F  , 

  B• → B≥−m          -  

. N  ,  B≥−1     -   B0  B−1(1).

4.11.2. L X = (X, X0) → (Z , ι)   1-        ι : BGm×SR →
Z. S         Y → Z.

Proposition 4.11.3. S  X → Z    (D A.2.5). T   

MZ(Y ,X ) → MZ((SB≥−1)Gm,X )

  .

P. C    : S  C ′
• → C•   -   

-   B•-   I•. B        §4.5, 

      

MZ((SC ′
•)Gm,X) → MZ((SC)Gm,X)

   x    :

• T     -      

MC•(LX♦,x,•, I•[1])

 LX♦,x,•    C•-         X  Y
 x.

• I    ,      

MC•(LX♦,x,•, I•)
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L x0 ∈ MY((S C0)Gm,X) = X,0(C0)     x. T L A.2.3     

    Fwt
• LX♦,x,• 

wt
−i LX♦,x,• ≃ C•(−i)⊗C0

LX♦,x0,i,

  

MC•(wt
−i LX♦,x,•, I•) ≃ MGrModC0

(LX♦,x0,i, I•(i)) ≃ MC0
(LX♦,x0,i, Ii)

T       -   LX♦,x0,i      i ≤ 0.

N,  x0      X0(C0),      1-  ,   LX♦,x0,i ≃ 0  i ≤ −2.

F ,       x      I−1(1)  I0  I•. M , 

   C

MZ((SC ′
•)Gm,X ) > MZ((SC•)Gm,X )

MZ((SC ′
≥−1)Gm,X )

∨
> MZ((SC≥−1)Gm,X )

∨

A   C ′
• → C•   τ≤(k+1)B• → τ≤kB•  k ≥ 0      X   

       B•      ,   Y    

.

W              -  B≥−m →
B≥−m+1  m ≥ 2    . □

Remark 4.11.4. P A.2.4   X → (Z , ι)     X → Z  -

.

H,      . F ,  X = P × BGm → Z = BGm,

 P    E 4.7.3, ,   P    -   SZ,   

  

M((SB•)Gm,P) = P((SB•)Gm) → ←−
m

P((SB≥−m)Gm) = ←−
m

M((SB≥−m)Gm,P)

  . I  ,  1-  P{0,1} → BGm  E 4.8.6   .

S,  1-   E 4.8.5    .

4.12. A useful cartesian square.

4.12.1. S  F• S   -    ,   S = 0 S. T 

S → S    F• S → F•triv S          



A1Gm × SS → R(F• S)

       A1Gm     SS → SS.

W   Y defn
= R(F• S)        

BGm × SS → A1Gm × SS → Y 

4.12.2. L X = (X, X0) → (Z , ι)   1-        ι : BGm×SR →
Z,   X− → SR    .
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S         Y → Z. W     

MZ(Y ,X ) > MZ(SS,X)

X−(S) = MZ(A1Gm × SS,X )

∨
> MZ(SS,X)

∨

(4.12.2.1)

Proposition 4.12.3. S      

π0(S) → π0(S)

     X → Z    (D A.2.8)      

: F    R      I ⊂ R,     SR → Z,  

X(R) = ←−
m

X(RIm)

T (4.12.2.1)   C .

P. L F•
(S↠S)

S   -      F0
(S↠S)

S ≃ S 

i
(S↠S)

S ≃

S  i = 0;

0 

T  R     C      


i Fi
(S↠S)

S · t−i > S[t, t−1]

S[t]

∨
> S[t, t−1]

∨

(4.12.3.1)

O                

 Z.
F  -     F• A,  R(F• A)     



ι : BGm × S 0 A → R(F• A)

A, 

F• A′ = F•(A↠gr0(A)) A,

        . I R(F• A)       (Z, ι), 

X (F• A)
defn
= MZ(R(F• A),X )

T  (4.12.2.1)  C  R(F• S)   R(F• S′). T     C

  (4.12.3.1),       ;  (4)  [49, T 7.5.1].

N       R(F• S′) → R(F• S). T         

     

X (F• S) → X (F• S′)

  . W       .

S    F• B → F• A   -   -  

    F• K,   F• K ′        F• B′ → F• A′. I
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R(F• B)       (Z , ι),     §4.5,    C 

X (F• B) > X (F• A)×X0(gr0 A) X
0(0 B)

X (F• A)×X0(gr0 A) X
0(0 B)

∨
> X (F• A F• K[1])×X0(gr0 A) X

0(0 B)
∨

M,  LX♦Y     ,    x ∈ X (F• A),     F• A-

F• LX♦Y,x,      :

x(X (F• A F• K[1]) → X (F• A)) ≃ MFil• A(F• LX♦Y,x,F• K[1])

S,  x′ ∈ X (F• A′)     x,  

x′(X (F• A′  F• K ′[1]) → X (F• A′)) ≃ MFil• A(F• LX♦Y,x,F• K ′[1])

W           . F , 

F• J = (F• K → F• K ′)

T       

MFil• A(F• LX♦Y,x,F• J [1]) ≃ 0

F ,        Fi J ≃ 0  i ≤ 1. N,  1-  

  F• LX♦Y,x      ≤ 1,         .

T   ,     . I F• LX♦Y,x    -  F•triv 0 A, 

 1-     i LX♦Y,x ≃ 0  i ≥ 2. B L A.2.3, • LX♦Y,x   

  i-    

i LX♦Y,x(i)⊗gr0 A • A,

,   i   j ≥ 1,  

Mgr• A(i LX♦Y,x(i)⊗gr0 A • A, • J [1](−j)) ≃ Mgr0 A(i LX♦Y,x, i+j J [1]) ≃ 0

              . U ,   

MFil• A(LX♦Y,x, • J [1](−j)) ≃ Mgr• A(• LX♦Y,x, • J [1](−j)) ≃ 0

H       • A     F• A    : G-

,         R(F• A)(t=0) → R(F• A).

U   

F• J(−j + 1) → F• J(−j) → (• J)(−j)

    

MFil• A(F• LX♦Y,x,F• J [1]) ≃ MFil• A(F• LX♦Y,x,F• J [1](−j))

  j ≥ 1. N,   m ∈ Z,  m-    F• J [1](−m + 1)  . T,  

        .

T       ,  X (F• A) → X (F• A′)   ,    X (F• B) →
X (F• B′). W        .

F  k,         τ≤k(F• S)    

     R :    -   τ≤(k−1) F• S   

 πk(F• S)[k]. V    ,     k  ,

       

X (π0(F• S)) → X (π0(F• S′))

  
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S     F• S       R(F• S). S I = (F1 S) ⊂ S:  

   . F m ≥ 1,  F• Sm = F• SIm F• S       

 Sm = SIm. W     

X (F• S) = ←−
m

X (F• Sm)

V   ,     : I,    MZ(SA,X ) =

←−m
MZ(SAJm,X )      A   J ⊂ A,    J- -

,   SA → Z. W    A = R(F• S)⊗Z Z[t, t−1]⊗Zr  r ≥ 0  J ⊂ A  

  I,         .

T,     ,       S = S1,    F1 S → S

 0.

I    (A.2.6),    F•(1) S = F•triv S = F•(1) S
′,  F•(m) S

′ = F• S′  m ≥ 2.

T,     F• S   F•(m) S   m ≥ 1. W    

. □

Remark 4.12.4. T          [45, R 6.3.3].

Denition 4.12.5. G     P 4.11.3,       : A

1-  X      (Z , ι)  strongly integrable     , 

,      : F    R      I ⊂ R,

    SR → Z,  

X(R) = ←−
m

X(RIm)

Remark 4.12.6. P A.2.7    X     X → Z  - .

M,  N ,  T 1.5  [9],      : I, 

   R 4.11.4     .

T      : F ,  X = P{0,1} → BGm  X = P × BGm

(   E 4.8.5),       

M(R(F• S),P) = ←−
m

M(R(F•(m) S),P)

  . M,   I-   R,   

P(R) = P(R) = ←−
m

P(RIm) = ←−
m

P(RIm)

S [9, L 8.2]. T,   R 4.11.4,    X   .

S,  1-   E 4.7.2    .

5. Animated higher frames and windows

T              [45]    ,     

    , P 5.9.9  5.10.23. T       

     S 8.

5.1. Generalized Cartier divisors.

Denition 5.1.1. R   generalized Cartier divisor      R   

 R ↠ R    I    R-. B         

    s : I → R,        s : SR → A1Gm.



30 ZACHARY GARDNER AND KEERTHI MADAPUSI

5.1.2. A  C   R       F•I R   

  I-   

FkI R =


I⊗k  k ≥ 0

R  k < 0,

        k ≤ 0   

I⊗k ≃ I ⊗R I⊗(k−1) s⊗1−−→ R⊗R I⊗(k−1) ≃ I⊗(k−1)

 k > 0. W        two-sided I-adic ltration   FkI,± R = I⊗k  

k ∈ Z,          

R(F•I,± R) ≃ SR

T       ,     s : SR → A1Gm,  

     R = Z[x]  I = xZ[x],       .

Remark 5.1.3. T           SR → R(F• S)   R 

      F• S:        C  I → R,

         F• S → F•I,± R.

5.1.4. F  M ∈ MR,    M [I−1] = k≥0 I
−k ⊗R M ,        s.

W     R
≃−→ I  R-     ξ  I,    F•ξ R  F•ξ,± R

   .

F  R- M ,    ML(p, I)  MLp⊗R R.

I R′ ∈ CRR   R-,  s′ : I ′ = R′ ⊗R I
1⊗s−−→ R′,        I ′-

  R′  F•I R
′  F•I,± R′.

5.2. Formal Rees stacks. S  I → A    C   p-  A, 

  A       F• A.

Denition 5.2.1. T formal Rees stack           R ∈
CRp-nilp     C  J → R    F• A → F•J,± R ( R 5.1.3)

     A → R   S(A, I)(R).

I  ,  R          . T,   

,          R(F• A).

I ,   R(F•I,± A) ≃ S(A, I).

5.3. Witt vectors, δ-rings and prisms. W       δ-  [11, A. A]. F,

 :

Remark 5.3.1. E R ∈ CRFp      F   : R → R 

    F      Fp. I ,   R ∈ CR,

    

 : R
can−−→ RLp

−→ RLp,

  : R → RLp    .

5.3.2. N,       Z(p)- R  2- (p-) W  W2(R)

   R2               

W2(R) ↠ R. T        C → W2(C)     
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     ,             

 Ga. T    C     

W2(R) > R

R
∨


> RLp

can

∨

(5.3.2.1)

Denition 5.3.3. A δ-structure    Z(p)- R        W2(R) → R.

A () δ-ring    Z(p)- R    δ-. W   ∞-

CRδ   δ-    .

Remark 5.3.4. V       W2(R),       δ : R → R

  , ,  R  ,    δ-.

Remark 5.3.5. T C  (5.3.2.1)  ,   δ   R      

 : R → R     : R → RLp. I ,  R    Z(p),  δ-    

   : R → R   p- F   RpR.

Remark 5.3.6. N ,  R   Fp-,     R → RLp      CRFp,

         F     . T, 

F   R        R.

Remark 5.3.7. I R  k-,   W2(R). T  ,   δ- R,   R → W2(R) →
W2(τ≤kR)   τ≤kR. I  , τ≤kR    δ-   R.

Remark 5.3.8. T    CRδ → CR       : T  

  δ-       W  A → W (A).

Lemma 5.3.9. L Z(p)x    δ-    Z(p)[x]    . T  

F  Z(p)x
x →(x)−−−−−→ Z(p)x   .

P. S [13, L 2.11]. □

Denition 5.3.10. F [11, D. 2.4],   ( ) prism     δ- A 

   C  I → A   A      :

(1) A  (p, I)-.

(2) G    k   p    A → W (k)  δ-,   W (k)⊗A A ≃ k.

I      C ,         (A, s : I → A).

Denition 5.3.11. A  (A, I)  transversal  A    Zp    I → A   -p.

Denition 5.3.12. A  (A, I)  perfect   F   : A → A   .

Remark 5.3.13. I (A, I)    , ALp    Fp-    ;    A 

   p- . I     B-S [13, T 3.10]    (A, I) → A

          . T      R

    (Ainf(R),  θ)  Ainf(R) = W (R♭)  R♭    R  θ : Ainf(R) → R   

.

5.3.14. A    (A, I)      A1  A   [10, P-

 2.5.1]      :
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(1) ([10, (2.2.11)]) F    (A, I),  

A1 = ←−
k

IkIk+1,

 Ik = I∗
A(I) · · · (k−1

A )∗(I),    IkIk+1 → Ik−1Ik      

  p.

(2) ([10, (2.5.3)]) F     (A, I) → (B, J),      B⊗AA1 ≃−→ B1.
B [10, R 2.5.9],      I ⊗A ∗(A1) ≃−→ A1.
F  M ∈ MA  i ∈ Z,    Mi defn

= M ⊗A A1⊗i.

5.4. Animated higher frames.

Denition 5.4.1. A(  ) frame A    (F• A, I
s−→ A,Φ, A1), :

(1) F• A   -  (p, I)-   ;

(2) s : I → A    C ;

(3) Φ : F• A → F•I A             -

  : A → A       ̈ı F       

  π0(A)pπ0(A)  F;

(4) A1    A-    12

I ⊗A ∗A1 ≃−→ A1

F    ∞-    . T 

A → A′ = (F• A′, I ′
s′−→ A′,Φ′, A′1)

  f : F• A → F• B         A′⊗A (I
s−→ A) ≃

(I ′
s′−→ A′)  A′ ⊗A A1 ≃−→ A′1,     

F• A
Φ

> F•I A

F• A′
∨

Φ′> F•I′ A′ ≃ A′ ⊗A F•I A
∨

5.4.2. G   A,    RA   p-    0 A  A  

  I
s−→ A.

L F•I,± A   - I-   A;     

Φ± : F• A → F•I,± A,

   Φ  - ,      −i ( i ∈ Z>0)    s−i ◦ .
W i : Fi A → I⊗i    -i   Φ.

F  M ∈ MA  i ∈ Z,  Mi = M ⊗A A1⊗i.

Denition 5.4.3. I (I
s−→ A) = (A

p−→ A)  A1 ≃ A     A   p-adic frame.

S A1  I → A   ,     p-     (A,F• A,Φ).

12The main role of this abstract Breuil-Kisin twist is in the interpretation of the (G,µ)-windows appearing in § 5.5 below in terms

of the general denitions of § 5.9 (see Remark 5.5.8). As such, it can be ignored for now. In cases of interest, this twist will either be

trivial or be determined by a prism structure on (A, I).
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Remark 5.4.4. O            L  [45, §2],   

  . I ,     p-          

 L .

I,      p-  A   A    Zp-,    Fi A  

   i ≥ 0. T     R 

S(A)
defn
= R(F• A) =



i=0

Fi A · t−i

   τ,σ : S(A) → A. H, τ   

τ : S(A) → S(A)(t− 1) ≃ A

 σ   

S(A)
Rees(Φ±)−−−−−−→ R(F•p,± A) → R(F•p,± A)(t− p) ≃ A

T  (S(A),σ, τ) —       — ()     L [45,

D 2.0.1]

Remark 5.4.5. O     : S  (S,σ, τ)        

L. T        F• S0    S0   

 Fi S0 = Si
τi−→ S0. N             ,   S0-

Fi S0      S0. T       W   [45, E 2.1.6].

A   [45, R 2.0.2], σ0 : S0 → S0      -p F  SpS,  σi   

Fi S0 → S0   pσi+1 = σiFili+1 S0
  i ≥ 0. T         

Φ : F• S0 → F•p S0     .

I      Si   p-,         p- .

Remark 5.4.6. A     ,          L    

p- . T     ,       L 6.11.6  T 6.11.7

. T     N         

        —  —   N  

. T,                   

   S 6,      S 8.

Denition 5.4.7. A  A  prismatic     :

• T  (A, I)   .

• T   : A → A        δ-   A. I ,

      F   ALp.
• T   A1       I⊗A∗A1 ≃ A1    

 (5.3.14).

S    A1   ,          (A, I → A,F• A,Φ).

N   p-   ̈ı F    δ-    .

Example 5.4.8 (T W ). S    R ∈ CRp-comp. I R  ,  W (R)  

 p- δ-,  R 5.4.5   [45, E 2.1.3]    Witt frame W (R)

  R. M ,      p-      W  W ,

   W (R)   p-  W (R)   p-    R. I   p-

    F•Lau W (R)   

FiLau W (R) =


W (R)  i ≤ 0;

F∗W (R)  i ≥ 1,
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   F1Lau W (R) = F∗W (R) → W (R)    V ,     

  F∗W (R)
p−→ F∗W (R). T  F       0      

FV = p,        i ≥ 1.

N     .

Example 5.4.9 (T  W ). W R   Fp-,  [45, E 2.1.6], L  

  W     Wn(R)  n ≥ 1. I ,  n = 1,    zip

frame  E 2.1.7  . .. S    , R 5.4.5     p-

 Wn(R); ,      . E,     

   n  F•Lau Wn(R) 

FiLau Wn(R) =


Wn(R)  i ≤ 0;

F∗Wn(R)  i ≥ 1,

         V   1     p  

. T  F     F   0      .

T W      . T        

.

Denition 5.4.10 (L). A lamination     A       

 C 13

(I ⊗A W (RA) → W (RA))
≃−→ (W (RA)

p−→ W (RA))

    

A⊗A W (RA) = W (RA)
L(I ⊗A W (RA))

≃−→ W (RA)
Lp

    RA-. H,  RA-        

RA = 0 A
=gr0 Φ−−−−−→ 0I A = A → A⊗A W (RA)

          RA → F∗W (RA)    F  F : W (RA) →
F∗W (RA).

A  A  laminated       .

Lemma 5.4.11. T         A:

(1) A    A → W (RA)     λA : A → W (RA).

(2) A   A.

P. T  (1)⇒(2)  . T         

  W  W (R): W   C      

F•Lau W (R) > F•triv R

F•p F∗W (R)
∨

> F•triv F∗W (R),

∨

          R → F∗W (R)    F  F : W (R) →
F∗W (R).

I A  ,   δ-   A    λA : A → W (RA). A   A 

        

F•I λA : F•I A → F•p W (RA)

13These are in fact Cartier-Witt divisors for RA; see [11, Example 2.11] and also § 6.2 below.
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T      F• A → F•Lau W (RA)  

F• A
(Φ,can)−−−−−→ ∗ F•I A×Fil•triv ∗A

F•triv RA
(∗ Fil•I λA,id)−−−−−−−−−→ F•p F∗W (RA)×Fil•triv F∗W (RA)

F•triv RA

N                ∗A → F∗W (RA)   

 RA-. I                  

(1). □

Remark 5.4.12. A             

     RA-. I ,           

A → W (RA)   p-   A. H        E L  

   : L R = Fp[ϵ]        Fp,   h : R → R   

  ϵ → uϵ  u ̸= 1 ∈ F×
p . T      A       W (R) 

   Φ : F•Lau W (R) → F•p F∗W (R)    Φ′ = F•p W (h) ◦ Φ. I  , RA = R  

 λA    ,           A → W (R). I,    ,

    Φ′ = Φ.

T       ∗A = F∗W (R)      R-. T  ,

  W (R)    -   R  G♯
a(R)[1],    R → F∗W (R)   (

)      R ≃ LRFp
[−1] → G♯

a(R) ⊂ W (R)  1  [ϵ],    R → ∗A
     1  [uϵ].

T     .

Lemma 5.4.13. S  A   p-   RA  Fp-    : A → A     

F   RA
14. T        A → W1(RA).

P. W R   Fp-,    C      R-

F•Lau W1(R) > F•triv R

F•p ∗R
∨

> F•triv ∗R,
∨

         F   R      

  -  Fp             

 Fp[t]-

Fp[t, u](ut)
u →0−−−→ Fp[t]

N,   F• A → F•Lau W1(RA)      A → W1(RA)   

F• A
(Φ,can)−−−−−→ F•p ∗A×Fil•triv ∗RA

F•triv RA
(∗can,id)−−−−−−→ F•p ∗RA ×Fil•triv ∗RA

F•triv RA

□

Example 5.4.14 (B-K ). T (A, I ′)     ,   I ′ ⊂ A     AI ′

( ) A p- ,   I = (I ′) ⊂ A. T Fi A = FiI′ A  (A,)   

 A. W A = W (k)[u]     k  (u) = up,  I ′ = (E(u))     E

,      B-K .

T   [10, P 3.6.6]   A   : M , I ′⊗AW (RA) →
W (RA)   C-W    H-T    C-W  (     

  § 6.3),    F  I ⊗A W (RA) → W (RA)     W (RA)
p−→ W (RA).

14Note that this holds if either A is prismatic, or if A → RA is a map of Fp-algebras and φ is the Frobenius endomorphism of A.
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M,    A → W (RA)     δ-,      RA → W (RA)   

.

M ,     A,        Breuil-Kisin type    F• A 

   F•I′ A,  (A, I ′)      A     ∗I ′
≃−→ I,  

 Φ         . T     

  A    . S  R 6.10.2  L 6.10.4 .

Example 5.4.15 (T Ainf ). A       ,      (A, I ′)  

   R
defn
= AI ′ .

W p = 0 ∈ R, A = Ainf(R) = W (R)  I = pW (R),        E 5.4.8.

Remark 5.4.16 (O  ). F  ,        :

(1) (B-) S  A      A : A → A    ̈ı F . I

(A,A) → (B,B)          ̈ı F   

B   (p, I)-,       (B ⊗A F• A,B ⊗A I → B,B ⊗A A1)15 

   B ⊗A A. T  F       

∗
B F• B ≃ B ⊗A ∗

A F• B
id⊗Φ−−−→ B ⊗A F•I A = F•B⊗AI B

H,    Φ    ∗
A F• A → F•I A     A-.

(2) (R--pn) A   B = ALpn    ̈ı F     

   ALpn        pn. N ,  A   , 

         F   ALp  n = 1. T,

  ,           .

(3) (P ) F k ≥ 0,       τ≤kA     k-

    . B R 5.3.7,        .

Remark 5.4.17 (M   ). S  A = (A, I → A,F• A,Φ)    . T

  A → AL(p, I)    F,    R 5.4.16    -  

A defn
= AL(p, I). I         16— ,    A-

A
≃−→ I— A    p- ,   L 5.4.13     

A → A → W1(RA♡)

I A   p-  ,        A → W1(RA)     

.

Denition 5.4.18 (S   ). L S A
defn
= S(A, I)   p-   

 A   (p, I)- . I R(F• A) → A1Gm×S Zp     R   S Zp

  §5.2,    

τ,σ : S A → R(F• A)

 :

• τ        

GmGm × S Zp → A1Gm × S Zp

I   ,   .

• σ     

S A
≃−→ R(F•I,± A)

R(Φ±)−−−−→ R(F• A)

15The tensor products here are meant to be in the (p, I)-complete category.
16This is mostly for convenience. We could omit this condition at the cost of replacing the truncated Witt frame by a twisted version

that incorporates the invertible module I.
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Remark 5.4.19. W      π : R(F• A) → A1Gm × S A      

 F•triv A → F• A. F ,     R(F• A) → S A    τ   ,

    σ     S A    F  .

Remark 5.4.20 (T    R ). T     τ  S RA   

 

GmGm × S RA → A1Gm × SRA

   A1Gm×S RA → R(F• A). O           F• A → F•triv RA.

I ,       BGm × S RA,    R(F• A)   RA- 

      D 4.8.1.

Example 5.4.21 (T     B-K ). S  A   B-K  

    (A, I ′). A           ξ′ ∈ I ′. T

F• A = F•ξ′ A,    

R(F• A) = S



i

(ξ′)min(0,i)t−iA


Gm

ξ′t−1 →u←−−−−−−
≃

S (A[u, t](ut− ξ′)) Gm

T  τ           t ̸= 0. T  σ     :

O            

A[u, t](ut− ξ′) → (∗A)[u, t](ut− ξ) → (∗A)[u, u−1, t](ut− ξ)
≃−→ (∗A)[u, u−1]

H,        F     . P  , σ   

 u     F   S A. I         (A, I ′)
   .

B     ,   :

Denition 5.4.22. W      B → C  CR  Henselian  π0(B) → π0(C)  ,  

(π0(B), (π0(B) → π0(C)))   H       [66, T 09XD].

Proposition 5.4.23. S  A   () . T A ↠ RA  H. M,  p-

 ́  RA → RA′     (p, I)- ́  A → A′17,  A′  

()  A′       F• A′ = F• A⊗A A′.

P. T      [45, L 4.2.3].

L    A ↠ RA  H. W     [1, L 4.1.28]. S A  (p, I)-

,       π0(AL(p, I)) → π0(RA
L(p, I))  H,       

 ; ,          p- F.

I ,         p- ́   (p, I)- ́ ;

 [66, T 0ALI].

S,      ′ : A′ → A′   : A → A    F -

  π0(A
′)pπ0(A

′). T    Φ′ : F• A′ → F•I A
′    

F• A′ ≃ A′ ⊗A F• A′ ′⊗Φ−−−→ A′ ⊗A F•I A
′ ≃ F•I A

′

I A  ,    δ-   A′   A′ → W2(A
′),   (p, I)-

́  A′  A       (  )     

  A. □

5.5. (G,µ)-windows over frames. N,         §4.9,   G    

  Zp, O            Zp  µ : Gm,O → GO   .

T   Bµ : BGm,O → BGO   G- Pµ  BGm,O.

17By this, we mean that A′ is (p, I)-complete, and A/L(p, I) → A′/L(p, I) is étale.
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5.5.1. L k      O. I A      RA   CRk,  A   

CRO: L   O → RA
L(p, I)   O → AL(p, I)       ́ 

O,    A  (p, I)-.

W   R(F• A)      BGm         

F• A1 defn
= F• A(−1)⊗A A1

N         τ    A- A1,    σ -

  I ⊗A ∗A1 ≃ A1. T,       S A → BGm    

  A1,  σ, τ         BGm.

Proposition 5.5.2. T       Gµ- Qµ  R(F• A)⊗ ZpnZ.
(1) Qµ   ́-  S RA. T ,    p- ́  RA → RA′  

   Qµ  R(F• A′)⊗ ZpnZ  .

(2) T   Qµ  R(F• A)(t=0) ⊗ ZpnZ   ́-  S RA.

(3) T   Qµ  A1Gm × S RA   ́-  S RA.

(3) F    RA → κ  S RA,    Qµ  A1Gm × Sκ  .

(4) T   Qµ  BGm × S RA   ́-  S RA.

(4) F    RA → κ  S RA,    Qµ  BGm × Sκ  .

I S RA  ,      : F    RA → κ  S RA,  

 Qµ  BGm × Sκ  .

P. T   (3), (3), (4)  (4)   L 4.9.6  R 4.9.7,   

        .

W     (3)⇒(1). S     (p, I)-,      

       Qµ  A1Gm × SRA
L(p, I)       

R(F• AL(p, I)).
N         AL(p, I) → RA

L(p, I)     , 

     P 5.4.23. I µ  1-,      P 4.12.3.

I ,          . .     : G  -

     F• B     π0(B) → π0(0 B)   ,

    X → R(F• B)    , X     R(F• B)    

     A1Gm × SB. I,         

  F• B,        F• B  ,      F1 B → B

   ,    P A.2.7      R   F• B    

  B[t]. □

Denition 5.5.3. WindG,µ
∞,A(RA)   ∞-  G- Q  R(F• A)    

 G- ξ : σ∗Q ≃−→ τ∗Q  S RA,      :

(1) T  Gµ- Qµ   ́   S RA.

(2) F    RA → κ,    Qµ  BGm × Sκ  .

(3) F    RA → κ,    Q  BGm × Sκ    Pµ.

W        ∞-  (G, µ)-windows  A.

W A  ,     ∞-  n-truncated (G,µ)-windows  A  

R(F• A)  R(F• A)⊗ZpnZ    ,      ξ    G- 

ALpn.
W 

WindG,µ
∞,A = ←−

n

WindG,µ
n,A

Denition 5.5.4. W   (G,µ)-   W   W (R) (G,µ)-displays over R, 

 DispG,µ
∞ (R)   ∞-   .
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I R   Fp-, ,  n ≥ 1,    (G,µ)-    W   Wn(R)

n-truncated (G,µ)-displays.18

F  R,       [17] ( n = ∞)  [45, §5].
W n = 1,    ,     [65], DispG,µ

1     k  G- 

 µ.

Remark 5.5.5. H        ,      [45, 17]. S

     A
≃−→ A1.

L Q0   G-  R(F• A)⊗ ZpnZ     Pµ → BGm,O: I  

    L+
AG

(n)µ  

L+
AG

(n)µ(RA′) = MBGm,O (R(F• A′)⊗ ZpnZ, Gµ)
B      A1,    Q0   τ  σ   ,   

     p- ́   RA    L+
AG

(n)  

L+
AG

(n)(RA′) = G(n)(A′) = G(A′Lpn)

P  σ  τ   

σ, τ : L+
AG

(n)µ → L+
AG

(n)

W  

WindG,µ
n,A = [L+

AG
(n) σ τ L+

AG
(n)µ],

             

L+
AG

(n) × L+
AG

(n)µ (h,g)→τ(h)−1gσ(h)−−−−−−−−−−−−→ L+
AG

(n)

Remark 5.5.6. U        ,  ∞-  (G,µ)-  A

     

[L+
AG σ τ L+

AGµ]


L+
AG(RA′) = G(A′) ; L+

AGµ(RA′) = MBGm,O (R(F• A′), Gµ)
N ,  P 4.12.3,  µ  1-,  

L+
AGµ(RA′) ≃ G(A′)×G(RA′ ) P

−
µ (RA′)

A        µ  1-.

Remark 5.5.7. I R    p- O-  W (R)   W   E 5.4.8, 

         (G, µ)-    (G,µ)-  W (R),  

   [17].

Remark 5.5.8. L S(A)     p-      

σ, τ : S A → R(F• A)

U , WindG,µ
n,A(RA)    

MBGm
(S(A)⊗ ZpnZ,B(G,µ)),

 B(G, µ) → (BGm, ιO)   1-   D 4.10.4     S(A)   

   R 5.4.20.

18This is unfortunately inconsistent with our use of the adjective n-truncated for windows, but it is compatible with the denition

from [47]. For perfect R, the two notions of truncatedness agree.
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Remark 5.5.9. S  A    Zp. S     F1 A = (E)   - 

E ∈ A,   RA = A(E), I = ((E))  A1  . I , A  .

L Hµ → GA     GA    P−
µ ⊗ RA ⊂ G ⊗ RA (   [14, §3.2]).

T        A     ,    A- B,  

Hµ(B) = G(B)×G(B(E)) P
−
µ (B(E)). I ,   µ(E)      GO   

 (µ(E)) : Hµ → GA

T   L+
AGµ(RA′) = Hµ(A

′), τ      Hµ(A
′) → G(A′),  σ   

 ◦ (µ(E));     [45, L 5.2.1].

T,    WindG,µ
∞,A   ́    

RA′ → [G(A′) σ∗ τ∗ Hµ(A
′)]

I  ,    A′,     Hµ- P  A   p- ́ ,

    ξ : σ∗P ≃−→ τ∗P .

Remark 5.5.10. T         WindG,µ
∞,A  : I A 

  Zp, Fi A = 0  i ≥ 1, RA = A  I = (p). T       .

T L+
AGµ(RA′) = P−

µ (A′),  τ∗ : P−
µ (A′) → G(A′)    ,  σ     ◦ (µ(p)).

W      WindG,µ
∞,A(A

′)    P−
µ - P ′  A′   p- ́ ,

    σ∗P ′ ≃−→ τ∗P ′

5.6. A-gauges and the case of GLh. H,           G = GLh 

 h ≥ 1. F,    .

Denition 5.6.1. A A-gauge of level n (. A-gauge)     M ∈ QC(R(F• A)⊗ZpnZ)
(. M ∈ QC(R(F• A)))     ξ : σ∗M ≃−→ τ∗M  QC(S ALpn) (.

QC(S A)).

N     ALpn-      A-   n.

A ,       , ,  ,   

        .

Remark 5.6.2. W    A- (  n)       S(A) 

R 5.5.8.

Denition 5.6.3. E A-    

BGm × Sπ0(RA
L(p, I)) → R(F• A)

    π0(RA
L(p, I)). T Hodge-Tate weights   A-    i ∈ Z  

         i.

Remark 5.6.4. E,   A- (M, ξ),    M    (p, I)-  

F• M  F• A. B-  Φ± : F• A → F•I,± A     Φ∗
± F• M  F•I,± A

 -0     A- Mσ   σ∗M. T  ξ   

  Mσ
≃−→ M  MA.

Remark 5.6.5 (P A-). S       Q  A1Gm × S RA 

  GmGm × S RA  :       F• Q  RA  

n Fn Q ≃ 0. V     

ι : A1Gm × S RA = R(F•triv RA) → R(F• A)

     ι∗Q  R(F• A). O    

τ∗ι∗Q ≃ 0 ≃ σ∗ι∗Q
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T        Q,          ι.

I , ι∗Q         A-. W     parasitic A-gauge

associated with Q (, ,  F• Q).

Example 5.6.6. I § 5.9,          A-     : G

 p- N ∈ MRA
   m ∈ Z,     p-   F• Q(N,m)

 RA  ,    p-   F• M ,     

RHFil•triv RA
(F• M,F• Q(N,m)) ≃ RHRA

(Fm M,N)

W  Fj Q(N,m) = N  j ≥ m  0 . T         > m

 0   .

L Mpar(N,m)    A-   F• Q(N,m). I F• Mpar(N,m)   

   F• A, ,      F• M   - F•Hdg M  RA,

 

RHFil• A(F• M,F• Mpar(N,m)) ≃ RHFil•triv RA
(F•Hdg M,F• Q(N,m)) ≃ RHRA

(FmHdg M,N)

I ,  F• M   A- (M, ξ),      A- M → Mpar(N,m)  

    FmHdg M → N  MRA
.

Remark 5.6.7. A- (  n)       ∞- A−gauge (A−gaugen).

F   A → B  ,     - 

A−gauge
(M,ξ)→B⊗A(M,ξ)−−−−−−−−−−−−→ B−gauge

       n ≥ 1.

T         [45, E 5.3.5],    P 5.5.2.

Proposition 5.6.8. S  µ : Gm → GLh     

z → (zm1 , zm2 ,    , zmh)

 m1,m2,    ,mn ∈ Z. T WindGLh,µ
n,A     ∞-  A- M   n   

   F• M    : T   p- ́  RA → RA′

  

F• A′ ⊗Fil• A F• M
≃−→

h

i=1

F• A′miLpn

H,   

F• A′mi defn
= (F• A′)(−mi)⊗A Ami

5.7. Divided Dieudonné complexes. W      A. T      

       A̈-L B [1]. M ,     A- 

H-T   0, 1             D́

   . . S —     —    [32]  [60].

Denition 5.7.1. S R = RA. T   F   F1 A  I     : R → A. A

divided Dieudonné complex over R with respect to A    (M,F0 M → M,M
ΨM−−→ ∗M, ξ)  :

(1) M ∈ P(A)      A;

(2) F0 M → M
defn
= R ⊗A M        R;

(3) ΨM : M → ∗M        A;
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(4) ξ        R    

∗M > (ΨM)

A⊗,R −1 M

≃ ξ

∨>

H, −1 M = MF0 M         

∗M → A⊗A ∗M
≃−→ A⊗,R M → A⊗,R −1 M

T      ∞-    ,     DDCA(R).

A  D́   Tor amplitude in [a, b]  M   P [a,b](A)   F0 M, −1 M  

 P [a,b](R). W DDC
[a,b]
A (R)         T   [a, b].

Remark 5.7.2. O       D́        .

I,      (A, I)        

A


> A

R
∨


> A

∨

W  ,     DDC
[a,b]
(A,I)(R)   .

Proposition 5.7.3. L P
[a,b]
{0,1}(A−gauge)      A−gauge     A-

 H-T   0, 1  T   [a, b]. T       ∞-

P
[a,b]
{0,1}(A−gauge)

≃−→ DDC
[a,b]
A (R)

P. L P{0,1} → BGm   1-   E 4.8.6,   MBGm
(R(F• A),P{0,1}) 

    ∞-   ∞- P{0,1}(R(F• A))    

R(F• A)  H-T   0, 1. T P 4.12.3    ∞-   

   (M,F• M, η) :

(1) M ∈ P(A);

(2) F• M       R       0,−1;

(3) η : R⊗A M
≃−→ M        R.

I ,          ∞-     P{0,1}(R(F• A)).

I,     M,M′           1-

 V(M⊗M′,∨) ( E 4.8.5),      P 4.12.3    .

G   (M,F• M, η)   M  P{0,1}(R(F• A)),  F• M      

F• A   M,   F• ∗M       F•I A   -

   F  Φ. B L A.2.3,  :

i ∗M ≃

0  i < −1

A⊗,R −1 M  i = −1

U ,      Mσ
≃−→ F0 ∗M,      Mσ

≃−→ M  

         A   

M → ∗M → A⊗R −1 M
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T     (F• M, η)            

F0 M → R ⊗A M  R. W ,        ,     

   T . B     . □

Corollary 5.7.4. L V{0,1}(A−gauge)      A−gauge      A-

 H-T   0, 1. T       ∞-

V{0,1}(A−gauge)
≃−→ DDC

[0,0]
A (R)

5.7.5. W       [1]. S  A      : A 

p- , F• A         A- Fi A ⊂ A,   I ⊂ A

    . S     F1 A = −1(I) ⊂ A; ,     

  : R → A  .

Proposition 5.7.6. U  ,         V{0,1}(A−gauge)

     (N,N) :

(1) N      A-;

(2) N : N → N   -         ∗N → N    I;

(3) T     N
N−−→ N → NIN     R- FN     

A⊗R FN → NIN  .

P. B C 5.7.4, V{0,1}(A−gauge)        (M,ΨM,M → −1 M) :

(1) M      A-;

(2) ΨM : M → ∗M    A- ;

(3) M = M(F1 A)M  M → −1 M         R- −1 M

  ΨM(M)      

∗M → A⊗A ∗M
≃−→ A⊗,R M → A⊗,R −1 M

G   ,    M     ∗M  ΨM. N     

0 → M → ∗M → A⊗,R −1 M → 0

      I∗M ⊂ M. N,  N = M−1,      

N : N
n→∗n−−−−−→ ∗N ≃ ∗A−1 ⊗A ∗M ≃ A−1 ⊗A I∗M ⊂ M−1 = N

W    (N,N)      . I,  F0 M = (M → −1 M). T

     −1
N (IN) = (F0 M)−1. H       NIN  N 

 FN ≃ (−1 M)−1. S,     -    FN    

  (A⊗R −1 M)−1  NIN.

C,    (N,N),  

M = N1 ; F0 M = −1
N (IN)1 ; −1 M = MF0 M

T  (2)       −1 M     R. T    ΨM,  

   

IM−1 = (1⊗ N)
−1(IN) ⊂ ∗N

I,  IMσ−1 = (∗N → A ⊗R FN),      (3),    A ⊗R FN

   NIN. N,     I⊗−11   ΨM. □

Remark 5.7.7. A  R 5.7.2,        (N,N)     -

      (A, I),    R = A−1(I). W (A, I) = (∆R, IR)    

     R,    P 5.7.6     DDC
[0,0]
(∆R,IR)(R)   

     D́   R  [1, D 4.10]. L,  S 6,  

         ∆R     (∆R, IR)  F1 ∆R = (∆R → R). T,
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         V{0,1}(∆R−gauge),      

      F -  R  H-T   0, 1;  P 8.2.2.

5.8. W1(R)-gauges and F -zips. S  R   Fp-,       1- W

 W1(R). W     W1(R)-     () F -      [69].

I ,     ,   RFZip         

  ,       .

5.8.1. A   [45, E 2.1.7],  R  R(F•Lau W1(R))    

   R-:

R(F•Lau W1(R)) = R[t]×∗R ∗R[u](5.8.1.1)

H, t     1  ,  u     −1. T  R[t] → ∗R    

 F  R → ∗R  t → 0    ∗R[u] → ∗R    u → 0.

G,      R(F•Lau W1(R))    . C    



+ : BGm × S∗R → A1
+Gm × S∗R(5.8.1.2)

− : BGm × SR → A1Gm × SR(5.8.1.3)

   R   −   

BGm × S∗R
id×−−−→ BGm × SR

−−−→ A1Gm × SR

T   R(F•Lau W1(R))       A1Gm × SR  A1
+Gm × S∗R

 BGm × S∗R    −  +.

5.8.2. L       τ,σ : SR → R(F•Lau W1(R)). F ,      



R(F•Lau W1(R)) → A1Gm × A1
+Gm

 BGm-. I      R = Fp,       Fp[t] ×Fp
Fp[u] =

Fp[t, u](ut).

I          τ (. σ)        -  

  t ̸= 0 (. u ̸= 0)  A1Gm × A1
+Gm.

Denition 5.8.3. T  RFZip ( F -zip stack for R)    S(W1(R))    

   

τ,σ : SR → R(F•Lau W1(R))

Remark 5.8.4. W        RFZip: W   A1Gm × SR

 A1
+Gm × S∗R     SR ≃ GmGm × SR. D     YR:

N        SR,   SFp.

RFZip          

BGm × S∗R
+−−→ A1

+Gm × S∗R → YR ; BGm × SR
φ−−−−→ A1Gm × SR → YR

Remark 5.8.5. T        XS   Y  [69, A]  S = SR.

Denition 5.8.6. A F -zip over R   W1(R)-. E,      QC(RFZip).

Remark 5.8.7. U R 5.8.4,      F - M  R     

 :

• A    F•Hdg M
−  R       A1Gm×SR →

RFZip;

• A    Fconj• M+  R     A1
+Gm×SR → RFZip;
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• A  η : M+ ≃−→ M−  MR      R- M ;

• A    R-

α : conj• M+ ≃−→ ∗ −•
Hdg M

−

I  ,      M+ ≃ M− ≃ M    .

Remark 5.8.8. W R    M      RFZip,     

 M-P-W-Z  [65]. T  R        R

  H-- R  ,      H  

   ,       F -. T     

      F -       Y [69, §3.6].

Remark 5.8.9. N   H-T    F - M    D 5.6.3)   

 i   −i
Hdg M   .

Construction 5.8.10. G  F - M  R,   MFp
-   R:

RΓ∗
FZip(M ) : C → RHQCoh(CFZip)(M CFZip ,OCFZip) ;

RΓFZip(M ) : C → RΓ(CFZip,M CFZip)

W    F -           R 5.8.4. L 

     . W   

q1, q2 : RHR(MFconj−1 M,C)×RHomR(M,C) RHR(MF1Hdg M,C) → RHR(conj0 M,C),

       conj0 M ,   R-,     

RHR(MF1Hdg M,C) → RHR(0Hdg M,C)
∗◦α−−−→ RHR(conj0 M,C)

   -. W  :

RΓ∗
FZip(M )(C) ≃  (q1 − q2) (5.8.10.1)

F      ,         L 5.10.6 .

Remark 5.8.11. I M     F - M∨,      

RΓ∗
FZip(M )

≃−→ RΓFZip(M
∨)

Remark 5.8.12. S  A             (A, I) ( 

            ). T R 5.4.17     

    RFZip
A♡ → S(A), 

RA♡ = RA
L(I, p)

I ,      

A−gauge
(M,ξ)→M♡
−−−−−−−−→ QC(RFZip

A♡ )

I A   p-  ,       RFZip
A → S(A),      

 

A−gauge
(M,ξ)→M−−−−−−−→ QC(RFZip

A )

   .
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5.9. Abstract deformation theory for 1-bounded stacks. F   B,    R(F• B)   RB-

     R 5.4.20. M ,   n,m ≥ 1,    R(F• B) ⊗B

BL(pn, Im)   RB
L(pn, Im)-  . W      B    

   R 5.8.12. G      B → C, C    .

Construction 5.9.1. S  X = (X, X0) → R(F• B)     1-  .

B ,            (    D 4.12.5) 1-

  R(F• B) ⊗B BL(pn, Im). S         ξ : σ∗X ≃−→ τ∗X

    S B. T,   p- ́ RB- RB′   

ΓB(X , ξ)(RB′)
defn
= 


M(R(F• B′),X )

ξ◦σ∗
>

τ∗>
X(B′)




A         R(F• B),     X(B′) = M(S B′,X), 

   S(B′)      R(F• B)    τ .

E,  S(B)    R 5.5.8,  ξ    Xξ → S(B)  X ,   

ΓB(X , ξ)(RB′) = M(S(B),Xξ)

Remark 5.9.2. S      X   R(F• B) ⊗ ZpnZ   n ≥ 1. F

,     

Y → R(F• B)⊗ ZpnZ

S R(F• B) ⊗ ZpnZ  RB
Lpn-,      Y ,0   RB

Lpn,  

   X,0 → S RB  X    W  ( §3.5): X,0 = R(RBLpn)RB
Y ,0.

T   X0 ⊂ X,0  1-          

Y 0 ⊂ Y ,0   X0   W   Y 0  RB → RB
Lpn. T   X−  

 W   Y − = Y ,− ×Y ♦,0 Y 0.

I ,    X    1-  Y = (Y, Y 0)  R(F• B)⊗ZpnZ. S 

   ξ     ξn : σ∗Y ≃−→ τ∗Y    BLpn. T   

ΓB(Y , ξn)(RB′)
defn
= 


M(R(F• B′)⊗ ZpnZ,Y)

ξn◦σ∗
>

τ∗ > Y(B′Lpn)




W        ΓB(Y , ξn)
≃−→ ΓB(X , ξ)

Remark 5.9.3. B     X ,  

M(R(F• B′),X ) ≃ M(A1Gm × S RB′ ,X )×X♦(RB′ ) X(B′)

I,        

M(R(F• B′L(pn, Im)),X ) ≃ M(A1Gm × SRB′L(pn, Im),X )×X♦(RB′L(pn,Im)) X(B′L(pn, Im))

  n,m ≥ 1,        ,     π0(B
′L(p, I)) →

π0(RB′L(p, I))   ,       P 5.4.23.

Construction 5.9.4. L q : B → A           RB → RA   

 — , π0(RB) → π0(RA)       . W   

    p- ́  (RB)ét
B′ →A′
−−−−→

≃
(RA)ét. W ΓA(X , ξ)    

(RB)ét
≃−→ (RA)ét      (X , ξ)  R(F• A). W       

q∗ : ΓB(X , ξ) → ΓA(X , ξ)

Denition 5.9.5. L X−   ()   p- RB-  

R → M(A1Gm × S R,X ),
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  X    R → X(R) = M(S R,X). F     B → A   C 5.9.4,

 X−
A (. XA)    X−

A : RB′ → X−(RA′) (. XA : RB′ → X(RA′))  (RB)ét.

Construction 5.9.6. S  B ↠ A  ,   K = (B ↠ A). S    

 B → RB     π : A → RB  A → RA; , K → B    

F1 B → B. N         B
≃−→ A  RB

≃−→ RA. T     

ΓB(X , ξ) > X−

ΓA(X , ξ)

q∗

∨
> X−

A ×XA
X

∨



   (RB)ét. H,           R 5.4.20 ( B), 

        ( A)    -     τ ◦ S(π) :

S RB → R(F• A)    -.

T          C 5.9.6  C.

Proposition 5.9.7. S  q : B
≃−→ A,    A

≃−→ B → RB    . T   

C 5.9.6     A
≃−→ B → RB  C.

P. F  p- ́  RB → RB′   RA → RA′ ,       

X(B′)
≃−→ X(A′).

B R 5.9.3,  

M(R(F• B′),X ) ≃ X−(RB′)×X(RB′ ) X(B′);

M(R(F• A′),X ) ≃ X−(RA′)×X(RA′ ) X(A′)

T          . □

Remark 5.9.8. W    C 5.9.6,  F
1
A = (π : A → RB),   

F1 A → A    v : F
1
A → F1 A. T     -  ̇1 : K → K   

      19:

K > F1 B > F
1
A

K

̇1

∨
> B

1

∨
> A

(1)◦v

∨

Proposition 5.9.9. W      R 5.9.8,     

 :

(1) B  A  .

(2) π0(F1 B) ↠ π0(F1 A)  ; ,

F1 K = (F1 B → F1 A)

 .

(3) T  K → K   ̇1    ; ,   

 KL(p, I)   .20

T     C 5.9.6  C.

19Here and elsewhere we are using the orientation on (B, I) to identify the target of the divided Frobenius lift with B.
20That is, an endomorphism that is a ltered colimit of nilpotent endomorphisms.
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Corollary 5.9.10. W     P 5.9.9,  RB
≃−→ RA,  q∗   .

Remark 5.9.11. T   P 5.9.9,        ,    ,

       L [45], ,    ,      1- 

 (G,µ)-. S ,      Z [70]   ,  

 [17], [4]  [34]. A         . O     

    L,          K,     ,    

       .

Remark 5.9.12. S  B     . T L 5.4.11     

  q : B → A
defn
= W (RB). T  B → W (RB)       B   W (C)pW (C)

    C = π0(RB)pπ0(RB). I C  ,    W (C)pW (C) = C,   

  . T,           ̇1, 

    C 5.9.10  q∗   ,      ΓB(X , ξ)   W

. I ,       . H,       

      (X , ξ) . S R 5.9.29 .

W       .

Remark 5.9.13. B (p, I)-,    B → A  ,       BL(p, I) →
AL(p, I)  . M,     C 5.9.6,        

K > F1 B > F
1
A

F1 K

∨
> F1 B

∨
> F1 A

∨

K
∨

> B
∨

> A
∨

                K. I  ,  

  K → F1 K    

RK [−1] → F1 K → K,

 RK = (RB ↠ RA). T,   F1 K
≃−→ K RK [−1]. T     

(2)  P 5.9.9      RK  1-.

Construction 5.9.14. S F• K
defn
= (F• B → F• A): T    K  R(F• B)

   B- (K, ξ),  ξ        σ∗K  τ∗K   

      S B   K.

Lemma 5.9.15. T       B-

K′ → K → Mpar(RK [−1], 1)

 K′  H-T  ≤ −1. H, Mpar(RK [−1], 1)    B-  E 5.6.6.

P. L F•Hdg(RB ⊗B K)    -  F• K  F• B → F•triv RB . T  

 F1Hdg(RB ⊗B K). A   E 5.6.6,         

     F1Hdg(RB ⊗B K) → RK [−1]. T  ,         F1 K →



CONJECTURES OF DRINFELD 49

RK [−1]      R 5.9.13   F1Hdg(RB ⊗B K) → RK [−1]. N,  

   

F1 B ⊗B K → F1 K → F1Hdg(RB ⊗B K),

         F1 B⊗B K → RK [−1]  . E,    

      K → F1 K   R 5.9.13. U ,   

  F1 B ⊗B A → A   F
1
A = (A → RB),   .

T ,      K′ = (K → Mpar(RK [−1], 1))  H-T  ≤ −1. T 

  ,  F• K ′     ,  0 K ′ ≃ 0. E,     

  0 K → 0 Mpar(RK [−1], 1)   ;           

  RK        . □

T       P 5.9.9          .

Lemma 5.9.16. S        

B > A

D
∨

> C
∨

   :

(1) T       P 5.9.9.

(2) T  C → RD      A → RB       

A > C

RB

∨
> RD

∨



(3) T    - . M ,    F• B → F• D 

F• A → F• C  -      .

(4) T  

ΓD(X , ξ) > X−
D

ΓC(X , ξ)
∨

> X−
C ×XC

XD

∨



 C 5.9.6   D → C  C.

T      B → A   C.

T               L 5.9.16. F ,    

    .
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P  P 5.9.9  L 5.9.16. A     

τ≤(k+1)B > τ≤(k+1)A

τ≤kB
∨

> τ≤kA
∨

 k ≥ 0       ,       R(F• B)  R(F• A)

  (p, I)-   (  p-  I- ).

N,    K  B(p, I)B  π0(RB)pπ0(RB)   . T,   

 ,      21

Bm = π0(BKm ⊗B B),

  

ΓB(X , ξ) = ←−
m

ΓBm
(X , ξ) ; X− = ←−

m

X−
Bm

; X = ←−
m

XBm


T,       

Bm+1
> A

Bm

∨
> A,



     B = B1 = A. H,     P 5.9.7. □

Construction 5.9.17. S    A- (M, ξ), (M′, ξ′)   (p, I)- 

 F• M, F• M′  F• A,   A- M  M′,  

ξ : Mσ
≃−→ M ; ξ′ : M′

σ
≃−→ M′

 A-. H, Mσ  M′
σ   A-       M 

M′    σ. S

RHA(M,M′)(RA)
defn
= (RHFil• A(F• M,F• M′)

ξ′◦σ∗◦ξ−1−τ∗
−−−−−−−−−→ RHA(M,M′))

P  ,  

RHA(M,M′)(RA) = RHA−gauge((M, ξ), (M′, ξ′))

Construction 5.9.18. S  M (. M′)  H-T  ≥ −1 (. ≤ −1). L M 

M
′,    F -  RA♡ ( R 5.8.12). T   

(F•Hdg M
,Fconj M,∗ •Hdg M

 ≃−→ conj• M) ; (F•Hdg M
′,,Fconj M

′,,∗ •Hdg M
′, ≃−→ conj• M

′,)

T       

iHdg M
 ≃ conji M ≃ 0  i ≤ 1;

iHdg M
′, ≃ conji M

′, ≃ 0  i ≥ 1;

21We are implicitly using the following fact: If I, J ⊂ B are δ-ideals in the classical δ-ring B (that is, we have δ(I) ⊂ I, δ(J) ⊂ J ,

or equivalently the δ-structure descends to both B/I and B/J), then IJ is once again a δ-ideal. This follows easily from the dening

identites δ(x+ y) = δ(x) + δ(y) +
p−1

i=1
1
p

p
i


xiyp−i and δ(xy) = xpδ(y) + ypδ(x) + pδ(x)δ(y).
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T,   

M♡ : F1Hdg M
 → M → conj1 M ≃−→ ∗ F1Hdg M



∗
M ′,♡ : ∗ 1Hdg M

′, ≃−→ Fconj1 M
′, → M

′, → 1Hdg M
′,

T   


M ,M ′ : RHR

A♡ (F1Hdg M
, 1Hdg M

′,) → RHR
A♡ (F1Hdg M

, 1Hdg M
′,)

   

RHR
A♡ (F1Hdg M

, 1Hdg M
′,)

∗
−−→ RHR

A♡ (∗ F1Hdg M
,∗ 1Hdg M

′,)

≃ RHR
A♡ (conj1 M,Fconj1 M

′,)

→ RHR
A♡ (M,M

′,)

→ RHR
A♡ (F1Hdg M

, 1Hdg M
′,)

H,   (. )       M → conj1 M (. F1Hdg M
 →

M)    Fconj1 M
′, → M

′, (. M
′, → 1Hdg M

′,).

Remark 5.9.19. I A  p-  RA   Fp-,    F - M ,M ′  RA  

M,M
′,    -     RA → RA♡ . M,   

M ,M ′ 

  

M ,M ′ : RHRA
(F1Hdg M, 1Hdg M

′
) → RHRA

(F1Hdg M, 1Hdg M
′
)

S RA♡ = RL(p, I) ≃ RL(0, 0)    -   RA, 

M ,M ′     

  M ,M ′  .

Lemma 5.9.20. S    A- (M, ξ)  (M′, ξ)    :

(1) M     H-T  ≥ −1  M′  H-T  ≤ −1;

(2) T  
M ,M ′   .

T RHA(M,M′)(RA) ≃ 0.

P. W     C 5.9.17,       

ξ′ ◦ σ∗ ◦ ξ−1 − τ∗ : RHFil• A(F• M,F• M′′) → RHA(M,M′)

  .

L F•Hdg M
′    RA-     A1Gm × S RA → R(F• A). O

   H-T   M′ 

1 M′ ≃−→ 1Hdg M
′ ; i M′ ≃ 0  i < 1

T       L A.2.3   . A      P 4.12.3, 

     H-T   M,       

RHFil• A(F• M,F• M′) → RHFil• A(F• M,F• M′(−j))

    j ≥ 1,      

τ∗ : RHFil• A(F• M,F• M′) → RHA(M,M′)

  .

T , ,        

RHA(M,M′)
(τ∗)−1

−−−−→ RHFil• A(F• M,F• M′)
ξ′◦σ∗◦ξ−1

−−−−−−−→ RHA(M,M′)

     . W     ,  M′, = M′L(p, I),  

  RHA(M,M
′,)   .
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L F• ∗M  F• ∗M′      F•I A   -  Φ : F• A →
F•I A. T     H-T   M     

Mσ
≃−→ I−1 ⊗A F1 ∗M ≃ F1 ∗M,

        I    . F ,    

ζ : M
ξ−1

−−→
≃

Mσ
≃−→ F1 ∗M → A⊗,RA

F1Hdg M

O   ,   

∗M′ = F1 ∗M′ ≃−→ I−1 ⊗A F1 ∗M′ → M′
σ

ξ′−→
≃

M′

T    

ξ : A⊗,RA
1 M

′, ≃−→ 1 ∗M
′, → M

′,

O        RHA(M,M
′,)     

RHA(M,M
′,) → RHR

A♡ (M,M
′,)

→ RHR
A♡ (F1Hdg M

, 1Hdg M
′,)

A⊗φ,RA
(·)−−−−−−−→ RH

A
♡(A⊗,RA

F1Hdg M
, A⊗,RA

1Hdg M
′,)

ξ◦(·)◦ζ−−−−→ RHA(M,M
′,)

T                 

RHR
A♡ (F1Hdg M

, 1Hdg M
′,)

A⊗φ,RA
(·)−−−−−−−→ RH

A
♡(A⊗,RA

F1Hdg M
, A⊗,RA

1Hdg M
′,)

ξ◦(·)◦ζ−−−−→ RHA(M,M
′,)

→ RHR
A♡ (M,M

′,)

→ RHR
A♡ (F1Hdg M

, 1Hdg M
′,)

B     
M ,M ′ ! □

Remark 5.9.21. T    
M ,M ′       :

(1) A   M♡ : S      

Φn : MR
A♡ (F1Hdg M

,∗ F1Hdg M
)

f →(n)∗f◦(n−1)∗f◦···◦∗f◦f−−−−−−−−−−−−−−−−−−−−→ MR
A♡ (F1Hdg M

, (n+1)∗ F1Hdg M
)

I   Φn(M♡) ≃ 0   n,  
M ,M ′   .

(2) A   ∗
M ′,♡ : W   ∗

M ′,♡           -

   Fp-   1Hdg M
′,;  ,     ED≤0(Fp)(1Hdg M

′,).
W  ,        

Enilp
D≤0(Fp)

(1Hdg M
′,),

     ∗
M ′,♡    . T    

M ,M ′   .

Construction 5.9.22. L        L 5.9.16. S

F• J = (F• B → F• D) ; F• I = (F• A → F• C);

F• P = (F• D → F• C) ; F• N = (F• J → F• I) ≃ (F• K → F• P )

S       ,    F• J (. F• I)     F• D
(. F• C). A  C 5.9.14,     D- J (. C- I)   
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 F• J (. F• I). S,   F• P  F• N ,   D- P  N . N 

     B-22

N → K → P ; N → J → I
M,  L 5.9.15,       B-

N ′ > N > Mpar(RN [−1], 1)

K′
∨

> K
∨

> Mpar(RK [−1], 1)
∨

P ′
∨

> P
∨

> Mpar(RP [−1], 1)
∨

                 B- 

H-T  ≤ −1. H,    RN = (RK → RP ).

Remark 5.9.23. L K
′,   F -  RB♡   K′. T,   C 5.9.18,  

 

∗
K′,♡ : ∗ 1Hdg K

′, → 1Hdg K
′,

S,   

∗
N ′,♡ : ∗ 1Hdg N

′, → 1Hdg N
′, ; ∗

P ′,♡ : ∗ 1Hdg P
′, → 1Hdg P

′,

  N ′  P ′, . N,  

1Hdg K
′, ≃ 1 KL(p, I),

   -   ∗
K′,♡   

1 KL(p, I) → KL(p, I) → F1 KL(p, I) → 1 KL(p, I)

         F  1 : F1 K → K,      

  K → F1 K   R 5.9.13. I ,         ̇1

     ∗
K′,♡      (2)  R 5.9.21. A    

∗
P ′,♡ ,    ∗

N ′,♡  .

Construction 5.9.24. F  y ∈ X(R)  y− ∈ X−(R),      X  

     LX♦,y ∈ MR       F• LX♦,y− ∈ FMR.

F S = B,A,C,D,  Q ∈ MS ,    

M(LX , Q) → XS ; M(F1 L−
X , Q) → X−

S ; M(L−
XF1 L−

X , Q) → X−
S

 : T   M(LX , Q) (. M(F1 L−
X , Q), M(L−

XF1 L−
X , Q))  y ∈ XS(RB′) = X(RS′)

(. y− ∈ X−
S (RB′) = X−(RS′))     (RB′)ét  

B′′ → MRS′ (LX,y, RS′′ ⊗RS
N)

(. B′′ → MRS′ (F1 L−
X,y− , RS′′ ⊗RS

N))

(. B′′ → MRS′ (L
−
X,y−F1 L−

X,y− , RS′′ ⊗RS
N))

22Given a map of frames S → T , we can via restriction view any T -gauge also an S-gauge. We will do so freely in what follows.
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Lemma 5.9.25. T    C     (RB)ét

X− > X−
D

(X ×XA
X−

A )×XD×XC
X−

C
X−

D

∨
> M(F1 L−

X , RN )

0

∨

      X−    .

P. T      . A   L 4.6.7    C


X− > X−

D

X−
D

∨
> M(L−

XF1 L−
X , RJ [1]);

0

∨


X ×XA

X−
A

> XD ×XC
X−

C

XD ×XC
X−

C

∨
> M(LX , RJ [1])×Map(LX ,RI [1]) M(L−

XF1 L−
X , RI [1])

0

∨

T         . □

P  L 5.9.16. F ,    ξ      . I    

 
ΓB(X ) > X−

ΓA(X )×ΓC(X ) ΓD(X )
∨

> (X ×XA
X−

A )×XD×XC
X−

C
X−

D

∨

 C. U  C   L 5.9.25,        

ΓB(X ) > X−
D

ΓA(X )×ΓC(X ) ΓD(X )
∨

> M(F1 L−
X , RN )

0

∨

 C.

G  x ∈ ΓC(X , ξ)(RC′),       X  x     C ′-
 L(X )x. W       H(L(X ), I[1]) → ΓC(X )    x     

   (RC′)ét  

HC′(L(X )x, C
′ ⊗C I[1]) defn

= τ≤0RHC′(L(X )x, C
′ ⊗C I[1])

H,     C ′ ⊗C I  C ′-   I    - . T 

   I   J  N    

H(L(X ),J [1]) → ΓD(X ) ; H(L(X ),N [1]) → ΓD(X )
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S      (    P 8.6.1   ) 

       

ΓA(X )
≃−→ ΓC(X )×obC ,H(L(X ),I[1]),0 ΓC(X );(5.9.25.1)

ΓB(X )
≃−→ ΓD(X )×obD,H(L(X ),J [1]),0 ΓD(X )

  

C : ΓC(X ) → H(L(X ), I[1]) ; D : ΓD(X ) → H(L(X ),J [1])

T       D          



 : ΓA(X )×ΓC(X ) ΓD(X ) → H(L(X ),N [1])

   ΓD(X ),        C 

ΓB(X ) > ΓD(X )

ΓA(X )×ΓC(X ) ΓD(X )
∨

ob
> H(L(X ),N [1])

0

∨

T,        :

Sublemma 5.9.26. T    

H(L(X ),N [1])
≃−→ ΓD(X )×X−

D
M(F1 L−

X , RN )

P. G x ∈ ΓD(X )(RB′),   D′- L(X )x  H-T  ≥ −1   1-

. E,      R(F• D′)       -

    X    R(F• D′) → X  x. T   

F•Hdg L(X )x  RD′    : L η−D′(x) ∈ X−
D(RB′) = X−(RD′)     x

   ΓD(X ) → X−
D . T     

F•Hdg L(X )x ≃ F• L−
X,η−

D′ (x)
∈ FMRD′ 

F C 5.9.22,       D-

N ′[1] → N [1] → Mpar(RN , 1)

 N ′[1]  H-T  ≤ −1. N,    E 5.6.6,      

    ,     

H(L(X ),Mpar(RN , 1))
≃−→ ΓD(X )×X−

D
M(F1 L−

X , RN )

T,    ,        H(L(X ),N ′[m]) ≃ 0   m ∈ Z. T 

 L 5.9.20,  (2)  R 5.9.21,  R 5.9.23. □

□

Construction 5.9.27. S       B → W1(RB♡),      

ΓW1(RB♡ )(X , ξ)  (RB)ét     

ΓA(X , ξ) → ΓW1(RB♡ )(X , ξ)

G x ∈ ΓW1(RB♡ )(X , ξ)(RB),        X      X ,

   F - L(X )x  RB♡  H-T  ≥ −1. I ,     

C 5.9.18,    


x : F1 L(X )x → ∗ F1 L(X )x
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A x ,      F - L(X )  ΓW1(RB♡ )(X , ξ)      : F1 L(X ) →
∗ F1 L(X ).

Remark 5.9.28. A      L 5.9.16,      S 5.9.26, 

            ̇1    : T

  : F1Hdg L
(X ) → ∗ F1Hdg L

(X )  Φn(
) ≃ 0  n  . I,  

       (2)  R 5.9.21     (1).

I L(X )     F - T(X )        X ,    

      

,∗ = ()∨ : ∗ −1
Hdg T

(X ) → −1
Hdg T

(X ),

    -   −1
Hdg T

(X ),      .

Remark 5.9.29. T R 5.9.12  ,    ΓB(X , ξ)      W 

W (RB)  π0(RB)pπ0(RB)         R 5.9.28 .

Remark 5.9.30. S  B   p-     X     (Y , ξ1)  R(F• B)⊗Fp

  R 5.9.2. T       L(X )  ,    F - L(Y) 

ΓW1(RB)(Y , ξ1),   R 5.9.19,         

 : F1Hdg L(Y) → ∗ F1Hdg L(Y)

 Φn() ≃ 0  n  .

5.9.31. T     (  )        C 

 . T       S 10. I     P 5.9.9, 

    σ : S B → R(F• B)   

S B
σ−→ R(F• A) → R(F• B)

     σ : S A → R(F• A) 

S A → S B
σ−→ R(F• A)

H,            .

Proposition 5.9.32. U  ,     C 

ΓB(X , ξ)(RB) > X−(RB)

ΓA(X , ξ)(RA)

q∗

∨
> X−(RA)×X(RA) X(RB)

∨



P. W  C 

ΓA(X , ξ)(RA) > M(R(F• A),X )

X(B)

∨

(q∗,id)
> X(A)× X(B)

(τ∗,σ∗)

∨

;

ΓB(X , ξ)(RB) > M(R(F• B),X )

X(B)

∨

∆
> X(B)× X(B)

(τ∗,σ∗)

∨

,
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    C 

ΓB(X , ξ)(RB) > M(R(F• B),X )

ΓA(X , ξ)(RA)
∨

> M(R(F• A),X )×τ∗,X♦(A) X(B)

(q∗,σ
∗)

∨

T             X . □

5.10. A pseudo-torsor structure associated with 1-bounded stacks. S     p- 

 A   D 5.4.3  5.4.7,        :

• A  ,         A → W (RA) (L 5.4.11).

• RA    Fp-.

L    1-  Y → R(F• A)⊗Fp    ,      

ξ1 : σ∗Y → τ∗Y  SA. W       1-  Y  S(A). V R 5.9.2, 

  

ΓA(Y)
defn
= ΓA(Y , ξ1)

 (RA)ét. F,   R 5.9.30,      ΓFZip(Y)
defn
= ΓW1(RA)(Y , ξ1),   

  

ΓA(Y) → ΓFZip(Y)

   (RA)ét. T        P 5.10.23,     

     . L,  S 8,           T E.

Remark 5.10.1. W    ΓA(Y)     ΓFZip(Y)      

 A       Y. T          A-M

      1   [3].

T            :

(1) W A   W  W (RA), S(W (RA)) ⊗ Fp   -   RFZip
A = S(W1(RA)),

           ΓW (RA)(Y) → ΓFZip(Y).

(2) I ,       A → W (RA)   -p   ,     ,

   1-  Y ,          W (RA)  A. T  

        Y .

T   ,      R(F• A) ⊗ Fp  R(F•Lau W1(RA))   

    ,     --        .

Remark 5.10.2. O      F• A  p-,     R(F• A)   p-

  

R(F•p Zp) ≃ S Zp[u, t](ut− p)Gm,

 u   −1  t   1. W   u  ,   i ∈ Z,   

Fi−1 A · t−i+1 u
> Fi A · t−i

Fi−1 A · t−i+1

t

∨
p

>
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T       

R(F• A)(u=0)

R(F• A)(t=u=0)

λ−

>

>
R(F• A)⊗ Fp

R(F• A)(t=0)

>

λ+

>

  -   

A1Gm × SFp ≃ R(F•p Zp)(u=0)

BGm × SFp ≃ R(F•p Zp)(t=u=0)

>

> R(F•p Zp)⊗ Fp

A1
+Gm × SFp ≃ R(F•p Zp)(t=0)

>

>

Remark 5.10.3. W       SA

α− : A1Gm × SRA ≃ R(F•Lau W1(RA))(u=0) → R(F• A)(u=0) → R(F• A)⊗ Fp;

α+ : A1
+Gm × S∗RA ≃ R(F•Lau W1(RA))(t=0) → R(F• A)(t=0) → R(F• A)⊗ Fp

I , α−    α0 : BGm×SRA → R(F• A)(t=u=0),        R(F• A)(u=0),

R(F• A)(t=0)  R(F• A)(t=u=0)  RA-  .

Denition 5.10.4. L Y − → SRA (. Y 0 → SRA, Y
+ → SRA)     (. 

 ,  )  RA  Y → R(F• A)⊗ Fp     α− (. α0, α+).

Remark 5.10.5. W    Y − → Y 0  Y + → Y 0,  Y 0 = Y 0×SpecRA,SRA, 

     A1Gm → BGm  A1
+Gm → BGm.

W    ∗
− : Y 0 → Y −  ∗

+ : Y + → Y 0       

− : BGm → A1Gm  + : BGm → A1
+Gm.

T    j∗− : Y − → Y  j∗+ : Y + → Y = Y ×SpecRA, SRA    

    A1Gm  A1
+Gm. T  ξ : σ∗Y → τ∗Y    Y

≃−→ Y 

  RA,      ξ. I ,        Y + → Y .

F,     F  Y 0 y →φy−−−−→ Y 0  SRA.

Lemma 5.10.6. T      ́ 

ΓFZip(Y)
≃−→ 


Y 0 ×φY 0 Y + ×Y Y −

pr1 >

∗
−◦pr3

> Y 0




P. B ,  

ΓFZip(Y)(RA′)
≃−→ 


M(R(F•Lau W1(RA′)),Y)

ξ◦σ∗
>

τ∗>
Y (RA′)



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T 

M(R(F•Lau W1(RA)),Y) → Y − j∗−−−→ Y ; M(R(F•Lau W1(RA)),Y) → Y + j∗−−−→ Y

     u = 0  t = 0 , ,     τ∗  σ∗.
N,  ,                 




Y + ×Y Y −

∗
+◦pr1

>

φ(∗
−◦pr2)

>
Y 0




T,  ,        

M(R(F•Lau W1(RA)),Y)
≃−→ 


(Y + × Y −)(RA′)

∗
+◦pr1

>

φ(∗
−◦pr2

> )
Y 0(RA′)




L T   R  R(F•Lau W1(RA)). V    Y,      , 

 RA- S,  

Y(S ⊗RA
T )

≃−→ 


Y(S ⊗RA

∗RA[u])× Y(S ⊗RA
RA[t])

u →0
>

◦(t→0)
>

Y(S ⊗RA
∗RA)




T        Y ×R(Fil• A)⊗Fp
SS → SS ( (4)  [49, T

7.5.1]),       

S ⊗RA
T > S ⊗RA

RA[t]

S ⊗RA
∗RA[u]
∨

> S ⊗RA
∗RA

∨

  C        . I,       S = RA,

       (5.8.1.1). □

W       ΓA(Y),           

R 5.10.2.

Construction 5.10.7 (T  H ). T   

R(F• A)(u=0) → R(F•p Zp)(u=0) ≃ A1Gm × SFp

    F•Hdg A  A      :    Hodge ltration  A.

B ,  

FiHdg A = (u : Fi−1 A · t−i+1 → Fi A · t−i)

W    

j− : SA ≃ R(F•Hdg A)(t ̸=0) → R(F•Hdg A)

    τ : SA → R(F• A)⊗ Fp .

Example 5.10.8. L    W   E 5.4.8   R ∈ CRFp . T

     p-: T  u       i ≥ 1,    F : W (R) →
F∗W (R)   0     p   . T  

FiHdg W (R)
≃−→





(F : W (R) → F∗W (R)) ≃ (W (R)[F ])[1] ≃ G♯
a(R)[1]  i = 1

W (R)  i ≤ 0

0 

H,    i = 1,       F : W (R) → F∗W (R)—     

  R— [10, V 3.4.12]. C,  R ,   W (R)[F ] → G♯
a 
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  x  W  (x0, x1,   )    x0       

 γm(x0)      γr
p(x0) = xr   r ≥ 0.

T 

G♯
a(R)[1] ≃ (F : W (R) → F∗W (R)) ≃ F1Hdg W (R) → W (R)

   V : F∗W (R) → W (R).

I ,    F•Hdg W (R)   -   F•triv R,   

(F•Hdg W (R) → F•triv R) ≃ G♯
a(R)[1]⊗R F•triv R(1),

 F•triv R(1)        1  R       −1.23

N       •Hdg W (R)     −1, 0,     

 R-  G♯
a(R)[1]R.

Construction 5.10.9 (T   ). T   

R(F• A)(t=0) → R(F•p Zp)(t=0) ≃ A1
+Gm × SFp

       Fp-: T   -

 Fp-       R(F• A)(t=0,u ̸=0),    −i   

 R     i A · ui.

N, σ    

S A ≃ R(F•p A)(t=0,u ̸=0) → R(F• A)(t=0,u ̸=0)

I  , A        N      

Fp- R,       : T          

    H-T   R  .

T,    Fconj• A          R(F• A)(t=0),

    conjugate ltration  A. I ,    

j+ : SA → R(Fconj• A)(u ̸=0) → R(Fconj• A)

  σ .

Remark 5.10.10. T    R(F• A)(t=0)  R(F• A)(u=0)  BGm × SFp  

 R(F• A)(t=u=0):           

conj• A
≃−→ •Hdg A

Example 5.10.11. L     W   E 5.10.8. H,  

Fconji W (R) = iLau W (R) ≃





R  i = 0

F∗W (R)  i ≥ 1

0 

T   Fconji W (R) → Fconji+1 W (R)     i ≥ 1,   

R = Fconj0 W (R) → Fconj1 W (R) = F∗W (R)

     

W (R)
F
> F∗W (R)

R
∨

> F∗W (R)

∨

23Recall that according to our convention the i-th associated graded piece for a decreasing ltration is in graded degree −i.
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T  Fconji W (R) → W (R)  i ≥ 1    F∗W (R) ≃ W (R).

Denition 5.10.12. D   (RA)ét:

Γ(t=0)(Y) : RA′ → M(R(F• A′)(t=0),Y);

Γ(u=0)(Y) : RA′ → M(R(F• A′)(u=0),Y);

Γ(t=u=0)(Y) : RA′ → M(R(F• A′)(t=u=0),Y);

ΓA(Y) : RA′ → Y(A
′
)

A      R(F• A)⊗ Fp,     SA
′

      τ .

Lemma 5.10.13. W     ́ 

ΓA(Y)
≃

> 


Γ(t=0)(Y)×j∗+,ΓA(Y),j∗−

Γ(u=0)(Y)
λ∗
+◦pr1

>

λ∗
−◦pr2

> Γ(t=u=0)(Y)




P. A     L 5.10.6,         ,   p- 

  S T → R(F• A)  

M(STLp,Y)
≃
> 


M(STLu,Y)×M(STLt,Y) >

> M(STL(u, t),Y)




H,   

TLu
defn
= T ⊗Zp[u,t],u →0 Zp[t] ; T

Lt
defn
= T ⊗Zp[u,t],t→0 Zp[u]

TL(u, t)
defn
= T ⊗Zp[u,t],u →0,t→0 Zp

       R(F• A)⊗ Fp.

J      L 5.10.6,           

TLp > TLu

TLt
∨

> TL(u, t)
∨

        C. T        

T = Zp[u, t](ut− p),    . □

Construction 5.10.14. A    C 5.9.24,        

Y, Y ±, Y 0,ΓFZip(Y)          LY♦  Y  R(F• A)⊗ Fp.

T ,         Y       L(Y) ∈
AP(Y ). I   Y − (. Y +)     (.  ) 

  F•Hdg L(Y) (. Fconj L(Y)). T    •HdgL(Y) (. conj• L(Y)) 

         Y 0 (.  Y 0)  Y − → Y 0 (. Y + → Y 0),

      .

F,  ΓFZip(Y),          ∗ •Hdg L(Y)  conj• L(Y)

    ΓFZip(Y) → Y 0           

L 5.10.6. T   F - L(Y)  ΓFZip(Y),        R 5.9.30.

Construction 5.10.15. L Q̃      SRA    RA- Q. F 

 Z  (RA)ét      M  Z,   C 5.9.24,      



M(M, Q̃) → Z
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   y ∈ Z(RA′)     (RA′)ét  

A′′ → MRA′ (My, RA′′ ⊗RA
Q)

Construction 5.10.16. L Z1
A    ́ 24  RA  

Z1
A(RA′) = Fconj1 A

′ ×A
′ F1Hdg A

′ ≃ (Fconj1 A
′ → ∗RA′)

T RA′ -       RA′ = 0 A′ ≃−→ Fconj0 A
′
.

L H1
A    ́ 

H1
A : RA′ → conj1 A

′


N     

q1, q2 : Z1
A → H1

A

T          Fconj1 A
′ → conj1 A

′
,        ,

       

Z1
A(RA′) → F1Hdg A

′ → 1Hdg A
′ ≃−→ conj1 A

′


T   -,       1⊗ q2 : ∗Z1
A → H1

A.

Example 5.10.17. L        W . H,  E 5.10.8  5.10.11, 

 

H1
W (R)(R) ≃ (R → F∗W (R)) ≃ G♯

a(R)[1];

Z1
W (R)(R) ≃ (F∗W (R) → ∗R) ≃ ∗G♯

a[1]

H,    ,           

G♯
a(R)[1] ≃ (F : W (R) → F∗W (R))

≃−→ (R → F∗W (R))

V  , q2       Fp-,    R- 

∗∗G♯
a(R)[1] → G♯

a[1],  q1       

∗G♯
a(R) ≃ (F∗W (R))[F ]

V−→ W (R)[F ] ≃ G♯
a(R)

W                L-

 5.10.6  5.10.13.

Lemma 5.10.18. (1) T    

ΓA(Y)×Y Y − ≃−→ Γ(u=0)(Y)

(2) T    C     RA

Γ(t=0)(Y) > Y 0

Y + ×φY 0 Y 0
∨

d+
> M(F1Hdg L(Y), Z1

A[1])

0

∨

24Recall that all sheaves are with respect to the small étale site.



CONJECTURES OF DRINFELD 63

(3) T    

Γ(t=u=0)(Y) → Y 0

        M(F1Hdg L(Y), H1
A). I ,    C


Γ(t=u=0)(Y) > Y 0

Y 0
∨

d0
> M(F1Hdg L(Y), H1

A[1])

0

∨

P. T         P 4.12.3. T    

   P 4.11.3. T     

Γ(t=0)(Y)(RA′) ≃ M

R+(Fconj• A

′
),Y



≃ M

S(Fconj1 A

′ · u Fconj0 A
′
)Gm,Y


,



Y +(RA′) ≃ M(A1
+Gm × SRA′ ,Y)

≃ M (S(∗(RA′uRA′))Gm,Y) 

T ,     ,   Γ(t=0)(Y)      Y 0

   M(F1Hdg L(Y),Fconj1 ). H, Fconj1   ́   RA   RA′ → Fconj1 A
′
.

S, Y +      Y 0—  Y +×φY 0 Y 0      Y 0—  

M(F1Hdg L(Y),∗O),  O      (RA)ét.

A (2)        Z1
A. A (3)     . □

Notation 5.10.19. L        : S Y Σ = Y 0 ×φY 0 Y +, ΓFZip = ΓFZip(Y)



Γ(t=0) = Γ(t=0)(Y)×Y Σ ΓFZip ; Γ(u=0) = Γ(u=0)(Y)×Y − ΓFZip ≃ ΓA = ΓA(Y)×Y ΓFZip;

Γ(t=u=0) = Γ(t=u=0)(Y)×Y 0 ΓFZip

Remark 5.10.20. N      ζ1, ζ2 : Γ(t=0) → Γ(t=u=0)   : T   

   Γ(t=0)(Y) → Γ(t=u=0)(Y),        

Γ(t=0) = Γ(t=0)(Y)×Y Σ ΓFZip(5.10.20.1)

→ ΓA(Y)×Y ΓFZip

≃←− Γ(u=0)(Y)×Y − ΓFZip

→ Γ(t=u=0)(Y)×Y 0 ΓFZip = Γ(t=u=0)

U      

ΓA(Y)
≃
> 


Γ(t=0)

ζ1
>

ζ2
> Γ(t=u=0)




Remark 5.10.21. W

γ0 : ΓFZip → Y 0 ; γ+ : ΓFZip → Y Σ

   . D 

δ0 : ΓFZip
d0◦γ0

−−−−→ M(F1Hdg L(Y), H1
A[1])

δ+ : ΓFZip
d+◦γ+

−−−−→ M(F1Hdg L(Y), Z1
A[1])
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L 5.10.18     

Γ(t=0) ≃ ΓFZip ×0,Map(Fil1Hdg L(Y),Z1
A[1]),δ+ ΓFZip;(5.10.21.1)

Γ(t=u=0) ≃ ΓFZip ×0,Map(Fil1Hdg L(Y),H1
A[1]),δ0 ΓFZip(5.10.21.2)

Construction 5.10.22. A   R 5.9.30,  F - L(Y)  ΓFZip  H-T  ≥ −1

   

 : F1Hdg L(Y) → ∗ F1Hdg L(Y)

     ΓFZip.

C   q1, q2 : Z1
A → H1

A   ,   i ∈ Z,     ́ 

q1,[i], q2,[i] : M(F1Hdg L(Y), Z1
A[i]) → M(F1Hdg L(Y), H1

A[i])

T  q1,[i]       q1[i],     ,    q2,[i] 

   

M(F1Hdg L(Y), Z1
A[i])

∗
−−→ M(∗ F1Hdg L(Y),∗Z1

A[i])
(1⊗q2)◦()◦−−−−−−−−→ M(F1Hdg L(Y), H1

A[i])

W     i ∈ Z25

ΓA,(F1Hdg L(Y)[−i])
defn
= τ≤0 (q1,[i]− q2,[i])

T   Mcn
Fp
-   ΓFZip.

W     

q1,[1] ◦ δ+, q2,[1] ◦ δ+ : ΓFZip → M(F1Hdg L(Y), H1
A[1])

H       :

Proposition 5.10.23. (1) T  δ0, q1,[1] ◦ δ+, q2,[1] ◦ δ+    . I ,

 i = 1, 2, qi,[1]    ηi     

Γ(t=0)
(5.10.21.1)−−−−−−→

≃
ΓFZip ×0,Map(Fil1Hdg L(Y),Z1

A[1]),δ+ ΓFZip

→ ΓFZip ×0,Map(Fil1Hdg L(Y),H1
A[1]),qi,ψ [1]◦δ+ ΓFZip

≃ ΓFZip ×0,Map(Fil1Hdg L(Y),H1
A[1]),δ0 ΓFZip

(5.10.21.2)−−−−−−→
≃

Γ(t=u=0)

(2) T      ηi ≃ ζi  i = 1, 2. I ,  

ΓA(Y)
≃

> 

Γ(t=0)

η1
>

η2

> Γ(t=u=0)




(3) T    C 

ΓA(Y) > ΓFZip

ΓFZip

∨
> ΓA,(F1Hdg L(Y)[−1])

0

∨

25The geometric meaning of this denition—when specialized to the case where A = ∆R is the frame associated with the prismatic

cohomology of a semiperfect Fp-algebra R—will be explained in Section 7.
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Remark 5.10.24. A (3)         ΓA(Y)      

   (2),           R 5.10.20. M,   -

         (1)       (2)    i = 1.

T -              i = 2.

Remark 5.10.25. T        ,     (1)  i = 2

        (5.6)  [25, L 5.3.3].

J      P 5.9.9,        P 5.10.23   ,

     L 5.10.28  5.10.34 . F ,     .

Remark 5.10.26. S  F• S   -      

    π : S → S♭ defn
= F0 S    ,   f   

S♭ = F0 S → S → S♭. T  π     F• π : F• S → Ftriv• S♭. I • S   

 ,      ϖ : • S → 0 S = S♭    0    

  f   • π    S♭       . G 

 F• M  F• S, -  F• π      F• M ♭  S♭. T

      -  ϖ      (• M)
♭

 S♭. W 

  

f∗(• M)
♭ ≃−→ • M

♭

N      i ∈ Z,    S♭-  Fi M → f∗ Fi M
♭.

Lemma 5.10.27. W    R 5.10.26,  F• M  F• N    F• S  

 :

(1) (i M)
♭ ≃ 0  i > 1;

(2) Fi N ≃ 0  i < 1.

T     

ζ : MFil• S(F• M,F• N)
≃−→ MS♭((1 M)

♭
,F1 N)

      

MS♭((1 M)
♭
,F1 N) <

ζ

≃ MFil• S(F• M,F• N) > MS(M,N)

MS♭(1 M
♭,F1 N

♭)

∨
<
≃ MFiltriv• S♭(F• M ♭,F• N ♭)

∨
> MS♭(M ♭, N ♭)

∨

H,         

MS♭((1 M)
♭
,F1 N) → MS♭((1 M)

♭
, f∗ F1 N

♭)
≃−→ MS♭(f∗(1 M)

♭
,F1 N

♭)
≃−→ MS♭(1 M

♭,F1 N
♭)

P. T      -  ϖ    

MFil• S(F• M,F• N) → Mgrtriv• S♭((• M)
♭
, (• N)

♭
)

U  ,     L A.2.3            

       MS♭((1 M)
♭
,F1 N). T     ζ. T   

       F1 M
♭: T         1 M

♭

                  

 L A.2.3. □

Lemma 5.10.28. S  A → Aℏ   -   , p-    p-

,     (1)  (2)  P 5.10.23   A   Aℏ. T 

  A.
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A ,              .

Notation 5.10.29. S R = RA  Rℏ = RAℏ . W     Rét ≃ Rℏ,ét. T  

      Rét  ,    Aℏ   A. W  

    ℏ : Y Σ
ℏ , Γ(t=0),ℏ(Y), ΓFZip,ℏ, Lℏ(Y), . W    Lℏ(Y)  Lℏ  

.

S

F•Hdg K
defn
= (F•Hdg A → F•Hdg Aℏ) ; Fconj• K

defn
= (Fconj• A → Fconj• Aℏ)

A,  I = (R → Rℏ).

Construction 5.10.30. W Fconj•,ℏ           

R′ → Fconj• A
′
ℏ. O Γ(t=0),ℏ(Y),         Fconj• Lℏ  Fconj•,ℏ , 

    x ∈ Γ(t=0),ℏ(Y)(R′)   

y : R+(Fconj• A′
ℏ) → Y

   Fconj• Lℏ,y  y       Y  R(F• A) ⊗ Fp. F -

     Oℏ : R′ → R′
ℏ     26     

 Γ(t=0),ℏ(Y) → Y +
ℏ     Fconj• Lℏ. S,       

-     Oℏ    27     Γ(t=0),ℏ(Y) → Y 0
ℏ 

•Hdg Lℏ.

Construction 5.10.31. W F•Hdg,ℏ           

R′ → F•Hdg A
′
ℏ. O Γ(u=0),ℏ(Y),        Y     

 F•Hdg Lℏ  F•Hdg,ℏ. F -     Oℏ : R′ → R′
ℏ    

       Γ(u=0),ℏ(Y) → Y −
ℏ     F•Hdg Lℏ. S, 

      -     Oℏ      

  Γ(u=0),ℏ(Y) → Y 0
ℏ  •Hdg Lℏ.

Construction 5.10.32. W •ℏ          

R′ → •Hdg A
′
ℏ ≃ conj• A

′
ℏ

O Γ(t=u=0),ℏ(Y),      ,       •ℏ-

L•,ℏ  Γ(t=u=0),ℏ(Y). G -         Γ(t=u=0),ℏ(Y) → Y 0
ℏ 

•Hdg Lℏ. M,        Γ(t=0),ℏ(Y) (. Γ(u=0),ℏ(Y))   

     Fconj• Lℏ (. F•Hdg Lℏ).

Remark 5.10.33. T Aℏ- J
defn
= F1Hdg K           F• J

 Fconj• Aℏ 

Fi J =


Fi K ×K J  i > 0;

0 

N     

F1 J
≃−→ Fconj1 K ×K F1Hdg K

≃−→ Z1
K

defn
= (Z1

A → Z1
Aℏ

)

M,   • J → conj• K  

conj≥1 K
defn
= (conj• K → triv• I)

N     

J = F1Hdg K → 1Hdg K
≃−→ conj1 K(5.10.33.1)

26The map in question is obtained from Filconj• Aℏ → Rℏ.
27Here, we are viewing Oℏ as the zeroth graded piece of Fil•conj.
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P  L 5.10.28. C   Γ(t=0) → Γ(t=0),ℏ×ΓFZip,ℏ ΓFZip: A     

     

Γ(t=0)(Y)×Y Σ ΓFZip →

Γ(t=0),ℏ(Y)×Y Σ

ℏ
Y Σ


×Y Σ ΓFZip

V        C 

Γ(t=0) > Γ(t=0),ℏ ×ΓFZip,ℏ ΓFZip

Γ(t=0),ℏ ×ΓFZip,ℏ ΓFZip

∨
> M(Fconj• Lℏ,F• J [1])

0

∨

W    C 

Γ(u=0) > Γ(u=0),ℏ ×ΓFZip,ℏ ΓFZip

Γ(u=0),ℏ ×ΓFZip,ℏ ΓFZip

∨
> M(Lℏ, J [1])

0

∨

;

Γ(t=u=0) > Γ(t=u=0),ℏ ×ΓFZip,ℏ ΓFZip

Γ(t=u=0),ℏ ×ΓFZip,ℏ ΓFZip

∨
> M(L•,ℏ, conj≥1 K[1])

0

∨

L 5.10.27    

M(Fconj• Lℏ,F• J [1])
≃−→ M(F1Hdg Lℏ,F1 J [1])

≃−→ M(F1Hdg Lℏ, Z
1
K [1])(5.10.33.2)

F,  L A.2.3,       

M(L•,ℏ, conj≥1 K[1])
≃−→ M(F1Hdg Lℏ, conj1 K[1])

≃−→ M(F1Hdg Lℏ, H
1
K [1]),(5.10.33.3)

 H1
K

defn
= (H1

A → H1
Aℏ

).

T  Γ(t=0) → Γ(t=u=0)        C    



M(F1Hdg Lℏ, Z
1
K [1]) → M(F1Hdg Lℏ, H

1
K [1])

  q1 : Z1
K → H1

K .

T  Γ(u=0) → Γ(t=u=0)     

M(Lℏ, J [1]) → M(Lℏ, conj1 K[1]) → M(F1Hdg Lℏ, H
1
K [1]),(5.10.33.4)

       -    (5.10.33.1),      

F1Hdg Lℏ. N             R′ → A
′

   

        .

T   (5.10.20.1)       

M(F1Hdg Lℏ, Z
1
K [1])

(5.10.33.2)−−−−−−→
≃

M(Fconj• Lℏ,F• J [1])

→ M(Lℏ, J [1])

(5.10.33.4)−−−−−−→ M(F1Hdg Lℏ, H
1
K [1])
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L 5.10.27            

M(F1Hdg Lℏ, Z
1
K [1]) → M(F1Hdg Lℏ,∗H

1
K [1])

≃−→ M(∗ F1Hdg Lℏ, H
1
K [1])

≃−→ M(conj1 Lℏ, H
1
K [1])

→ M(Lℏ, H
1
K [1])

→ M(F1Hdg Lℏ, H
1
K [1])

T        L 5.10.28. □

Lemma 5.10.34. A (1)  (2)  P 5.10.23   A = W (R)  W   

   Fp- R.

P. W      L 5.10.28. T , L 5.10.18,  

E 5.10.17,      C 

Γ(t=0) ×Γ
W (R)

Γ(u=0) > ΓFZip

ΓFZip

∨

δ+
> M(F1Hdg L(Y),∗G♯

a[2])

0

∨



Γ(t=u=0) > ΓFZip

ΓFZip

∨

δ0
> M(F1Hdg L(Y),G♯

a[2])

0

∨

S W (R)   -   R   G♯
a(R)[1],       

C 

Γ(u=0) > ΓFZip

ΓFZip

∨

δ−
> M(L(Y),G♯

a[2])

0

∨

F,  

ΓFZip
δ−−−→ M(L(Y),G♯

a[2]) → M(F1Hdg L(Y),G♯
a[2])

    δ0.

A           δ−    

ΓFZip
δ+−−→ M(F1Hdg L(Y),∗G♯

a[2])
≃−→ M(conj1 L(Y),G♯

a[2]) → M(L(Y),G♯
a[2])

H,      ,      ∗ F1Hdg L(Y)
≃−→ conj1 L(Y)  

 .

C         q2,      q2  E 5.10.17

   . □
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P  P 5.10.23. T ,            

     .

T               P 5.9.9,   

 . F,    L 5.10.28           

    R  R(F• A)     .

N, L 5.4.11        A → W (R),     R = π0(RA). S RA 

,           : F,   A → W (R)

 . I,  p-,        π0(A) → W (R)pW (R)  -

. B    RA    W (R)pW (R) ≃ R. N,   Fi A → FiLau W (π0(RA))

    i ≥ 1. B     L   W (R)     F• A  p-, 

     i = 1,        F1Lau W (R) = F∗W (R)     W (R)

   V .

A  R 5.4.16,  -  A → W (R) (    -, 

   0-),   -     F• W (R)  W (R),

   AW (R),      

A → AW (R) → W (R)

T         -p,  —    L 5.10.28 

—            AW (R).

I F• K     F• W (R) → F•Lau W (R),      F• W (R)   

  F•(m) W (R), 

Fi(m) W (R) = Fi W (R)
 

j1++jm=i

(Fj1 K ⊗W (R) ⊗· · ·⊗W (R) Fjm K)


N,   F•(1) W (R) = F•Lau W (R)    F•(m+1) W (R) → F•(m) W (R)   - ,

  m ≥ 1. T,              

   W  W (R),       L 5.10.34. □

H      P 5.10.23.

Corollary 5.10.35. S      :

• Y    R(F• A)⊗ Fp;

• I    TY♦  1-;

T ΓA(Y) → ΓFZip(Y)     ΓA,(F1Hdg L(Y)).

P. I     ,   (2)  L 5.10.18,      

Γ(t=0)(Y) → Y + ×φY 0 Y 0

    M(F1Hdg L(Y), Z1
A).

L      ,          

(F1Hdg L(Y))∨ ⊗O Fconj1 → (F1Hdg L(Y))∨ ⊗O ∗O

    . B             

      . T,        

RA′ ≃ Fconj0 A′ → ∗RA′

    ́  RA → RA′ . B          RA,   

  ́        ;  L 9.2.1 . □
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6. The stacks of Drinfeld and Bhatt-Lurie

6.1. Transmutation. S      π : Z → Y  p-     Z   relative

ring prestack  Y : F ,             

CRp-nilp
Y

(C,y)→Z((C,y))−−−−−−−−−−→ S

     CR,        .

H, CRp-nilp
Y   ∞-   (C, y)  C ∈ CRp-nilp  y ∈ Y (C),  Z((C, y))  

  Z(C)  y. T,   R ∈ CRp-nilp,  transmutation with respect to π   p- 

  Y  

Trπ(R) : CRp-nilp
Y → S

(C, y) → MCRing(R,Z((C, y)))

T      

CRp-nilp,op SpecR →Trπ(R)−−−−−−−−−−→ PSY 

6.2. Cartier-Witt divisors and prismatizations. H,       ()  -

  [11, §8].

6.2.1. T ,    p-   Z∆
p (    [8])  C-W , 

WC  [10]. F R ∈ CRp-nilp, Z∆
p(R)    π : W (R) ↠ W (R)   

    :

• I = (π)     W (R)-   1;

• T  π0(I) ≃ I ⊗W (R) W (π0(R)) → W (π0(R))   C-W      [10, §3.1.1].
T    , Z-  SR,    W (π0(R))-  π0(I) ≃

W (π0(R))     W (π0(R)) ≃ π0(I) → W (π0(R))       distinguished

element d ∈ Wdist(π0(R)),   W   (d0, d1,   )  d0 ∈ π0(R)  -p  

d1 ∈ π0(R)×.
I  ,      I → W (R)  Cartier-Witt divisor  R.

T   ( [11, P 8.4]):

Proposition 6.2.2. W  Z∆
p ≃ WdistW

×,  Wdist        Zp[x0, x
±1
1 , x2,   ]

∧
(x0,p)

,

   W×-      W ,  W       

Zp[x0, x1,   ]
∧
p . I , Z∆

p  .

6.2.3. O Z∆
p ,        G∆

a   (W (R)
π−→ W (R)) → W (R). T-

     ( §6.1)      R → R∆  CRp-nilp  PSZ∆
p
.

C, R∆    (W (C) ↠ W (C)) ∈ Z∆
p(C)   MCRing(R,W (C)). W  R∆ 

prismatization  R.

Remark 6.2.4. W     S Zp
≃−→ F∆

p    C-W  W (Fp) = Zp
p−→

Zp = W (Fp).

Remark 6.2.5. T    F   : Z∆
p → Z∆

p     F : W → W ,  

 C-W  I → W (R)  F ∗I → W (R)

Remark 6.2.6. I (A, I)       [11, §2],       ι(A,I) : S A → Z∆
p

   p- A- C,  C-W  I ⊗A W (C) → W (C). H, A → W (C) 

    A → C    δ-   A. I     R → AI— ,  (A, I)

      ()    R— ι(A,I)        R∆.

6.3. The Hodge-Tate locus.
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6.3.1. L Â1   p-    A1,          Gm (

 §4.2). T, Â1Gm    L     t : L → O    -p,

    ( )    L, t       O    -p.

T    Wdist → Â1     Z∆
p → Â1Gm,   Hodge-Tate locus ZHT

p  

     (  :       )

ZHT
p = Z∆

p ×Â1Gm
BGm

T      Z∆
p     ,  B-L      

 [10, §3.4]. T   ZHT
p     .

T  ,         S Zp → ZHT
p    C-W 

W (Zp)
V (1)−−−→ W (Zp).

Proposition 6.3.2. T    ZHT
p      BG♯

m  S Zp. I ,

    . M,     

S Zp ×Z∆
p
F∆
p

≃−→ G♯
m × SFp

P. T    [10, T 3.4.13];   [27, L 4.5.2].

F  ,           G♯
m- 

FHT
p

defn
= ZHT

p ×Z∆
p
F∆
p ,

          SFp ⊂ S Zp     R-

 6.2.4. □

6.4. The Nygaard ltered prismatization. T     N    -

  B  [8, §5]  D  [27, §5]. W         

      . T        J

E R́ı C.

6.4.1. V W      S Zp,    p- R    W  W (R).

W        W   ∞-     R,     

 W -  R. H     W -:

• A        Ga-,         

W -    W → Ga.

• G   R- L,            

    V(L∨)28    W - V(L∨)♯. H,  W -    

W → Ga.

• G  W - M ,     W - F∗M      F : W → W . I

M = W ,  F∗W      W -.

• G  W (R)- M ,     W - I⊗W (R)W     R-

S  W (S)- I ⊗W (R) W (S).

28Recall that we are using Grothendiecks convention, so that this is the total space of L.
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W      W -  S Zp           W -

.

F∗W ========= F∗W

G♯
a

> W

V

∨
F

> F∗W

p

∨

G♯
a


> Ga

∨
> GdR

a ≃ F∗WLp
∨

(6.4.1.1)

S [8, C 2.6.8].

6.4.2. C  () p-   Z∆
p × A1Gm:   p- R,   

(I
d−→ W (R), L → R),    C-W     C . W    

 W -

F∗M
′ defn
= F∗(I ⊗W (R) W )

d−→ F∗W

   C    W - F∗W . I      C 

F∗M
′ ⊗F∗W GdR

a → GdR
a

  W - GdR
a . O   ,    ,     C 

L⊗R GdR
a → GdR

a    W -.

S      

F∗M ′ ⊗F∗W GdR
a

α
> L⊗R GdR

a

GdR
a

<

>

  C . T     

V(L∨)♯ → L⊗R Ga → L⊗R GdR
a

 W -   

F∗M
′ → F∗M

′ ⊗F∗W GdR
a

α−→ L⊗R GdR
a

      W -

V(L∨)♯ → M(α) → F∗M
′

Lemma 6.4.3. T      W - M(α)
dα−−→ W        

W -.

P. W   F∗W    W -   F•F∗M ′ F∗W     C

 F∗M ′ → F∗W . S,    GdR
a (. Ga)    W -   F•L GdR

a (.

F•L Ga).

T  α          -   W -

F∗ F•M ′ W → F•L GdR
a ,
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    W   -   W - F•α W      C


F•α W > F∗ F•M ′ W

F•L Ga

∨
> F•L GdR

a 

∨

T     F•α W = W  F1α W = M(α). I ,      M(α) → W ,

         W - 0α W . □

Denition 6.4.4. L ZN
p   p-      R ∈ CRp-nilp    

(I → W (R), L → R,α),  (I → W (R), L → R)     Z∆
p × A1Gm,  α     

C    

α : (F∗M
′ ⊗F∗W GdR

a → GdR
a ) → (L⊗R GdR

a → GdR
a )

B             M
d−→ W ,  M

defn
= M(α)  d = dα,  

    ltered Cartier-Witt divisor  R.29 W    WdM   0α W . W   

LM → R     C   M ′ d′
−→ W     W - I ⊗W (R) W → W

   C-W  I → W (R),           W -

V(L∨
M )♯ > M > F∗M ′

G♯
a

∨
> W

d

∨
> F∗W

d′

∨

Denition 6.4.5. O ZN
p ,    p-    GN

a     C-W

 W
d−→ M  R,  W (R)- (WdM)(R).

F  R ∈ CRp-nilp,     Nygaard ltered prismatization RN    

 SR    GN
a . T ,    p-    ZN

p     C ∈
CRp-nilp  (M

d−→ W ) ∈ ZN
p (C)   MCRing(R, (WdM)(C)).

Proposition 6.4.6. T p-   ZN
p  GN

a  . M,   

     [8, §5].

P. B  ZN
p       Z∆

p × A1Gm. S        

   -    .

C   X  ZN
p    

Wdist × A1 → Z∆
p × A1Gm

T    X    (d′, t) ∈ Wdist(R) × A1(R)         

F∗W -
F∗W > GdR

a

F∗W

d′

∨
> GdR

a

tdR

∨

29We will see in Proposition 6.4.6 below this agrees with the denitions from [8] for discrete inputs. The notation and terminology

have been adapted from Bhatts notes.



74 ZACHARY GARDNER AND KEERTHI MADAPUSI

       ,   tdR      t   Ga- 

 GdR
a . A     X      Wdist × A1 ×GdR

a    C 

X > Wdist × A1 ×GdR
a

GdR
a

∨

∆
> GdR

a ×GdR
a

(d′,t,α)→(d
′,dR,tdR◦α)

∨

H, d
′,dR     GdR

a   d′.
P     

Wdist × A1 ×Ga → Wdist × A1 ×GdR
a

     Y → X    C 

Y > Wdist × A1 ×Ga

GdR
a

∨
∆

> GdR
a ×GdR

a

(d′,t,u)→(d
′,dR,tdR◦udR)

∨

B  (6.4.1.1),          C 

Y > Wdist × A1 ×Ga

W
∨

d →(F (d),π(d))
> W ×Ga

(d′,t,u)→(d′,t◦u)

∨

GdR
a

∨
∆

> GdR
a ×GdR

a

(d′,a)→(d
′,dR,adR)

∨

A     ,    ZN
p        Y ,    

       

W
(F,π)−−−→ W ×Ga ; Wdist × A1 ×Ga

(id,m)−−−−→ W ×Ga

 p- T-. H, m : A1 ×Ga
(t,u)→tu−−−−−−→ Ga    .

B             p-   :

α : Zp[T, x0, x1,   ]
∧
p

T →x0,xi →F∗xi−−−−−−−−−−→ Zp[x0, x1,   ]
∧
p

β : Zp[T, x0, x1,   ]
∧
p

T →ut,xi →xi−−−−−−−−→ Zp[u, t, x0, x
±1
1 ,   ]∧(x0,p)



T         α′ : T → x0, xi → xi     F ∗. T,    

  α′  β  p- T-. T      ( )  

 

ut− x0 ∈ Fp[u, t, x0, x
±1
1 ,   ]∧(x0)

  - .
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L     GN
a . I         -  Y . H,   

           W -

G♯
a

> W > F∗W

G♯
a

u♯

∨
> M

∨
> F∗W



G♯
a

t♯

∨
> W

∨
> F∗W

d′

∨

(6.4.6.1)

             d  W  F (d) = d′,  

M → W     C-W   Y . T     W - 

M  Y  : I        W  G♯
a,      GN

a  Y  

.

T              [8, L 5.2.8]. □

Remark 6.4.7. T      C-W         

   (6.4.6.1)   u, t  Ga  d  W  d     (tu)♯  G♯
a.

M ,     L     R
u−→ L    L

t−→ R,  

 d  W   (t◦u)♯  G♯
a,            

 F∗W  V(L∨)♯. F  ,      C-W      

M(L, d, t, u) → W .

Remark 6.4.8. A      C,    ZN
p      . L

(A1Gm)dR     A1Gm       GdR
a : I      S Zp

  C  P → GdR
a . T    

µ : A1Gm × (A1Gm)dR → (A1Gm)dR

((L
t−→ Ga), (Q

t′−→ GdR
a )) → (L⊗Q

t′◦(t⊗idQ)−−−−−−−→ GdR
a )

W    C :

ZN
p

> A1Gm × (A1Gm)dR

Z∆
p

∨

(M ′→W )→(F∗M
′⊗F∗WGdR

a →GdR
a )

> (A1Gm)dR

µ

∨

(6.4.8.1)

Remark 6.4.9. T  FN
p        [8, P. 5.4.2]. S 

     C-W  (M
d−→ W ) ∈ ZN

p (R). T         

   Fp → (WdM)(R)   M → W       C-W   

 M(L, p, t, u) → W . T  

FN
p ≃ Z(ut− p)Gm,

 Z(ut − p) ⊂ A1 × A1
+ = S Zp[t, u]     Gm-     

ut− p.
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6.5. The de Rham and Hodge-Tate embeddings and syntomication. W     

  jdR, jHT : Z∆
p → ZN

p ,   de Rham  Hodge-Tate . T  

 [27, §5.3, 5.6],   [8, §5.3]. L M ′ → W     W -  Z∆
p    

C-W   Z∆
p .

Denition 6.5.1. T   jdR      Z∆
p ×A1Gm

(GmGm)  

C-W  (M
d−→ W ) ∈ Z∆

p(R),     LM
≃−→ R   . O  ,

   (F∗M ′ → F∗W ) → (GdR
a

id−→ GdR
a )    C-W   

G♯
a

> M > F∗M ′

G♯
a


> W

∨
> F∗W

d′

∨

     C.

T   jdR    Y     P 6.4.6      t ̸= 0. E,

       

GmGm × (A1Gm)dR → A1Gm × (A1Gm)dR

      (6.4.8.1).

Denition 6.5.2. T   jHT      

(F∗F
∗M ′ F∗(d′)−−−−→ F∗W ) → (F∗F

∗M ′ ⊗F∗W GdR
a → GdR

a )

    C-W   

V(L∨)♯ > M ′ > F∗F ∗M ′

G♯
a

∨
> W

∨
> F∗W

∨

H L → Ga    C   Ga   -  M ′ → W . T 

C-W         invertible.

T   jHT    Y     P 6.4.6      u ̸= 0. E,

       

A1Gm × (GmGm)dR → A1Gm × (A1Gm)dR

      (6.4.8.1).

Denition 6.5.3. W     Zsyn
p        jdR, jHT. P,

      

QC(Zsyn
p )

≃
> 


QC(ZN

p )
j∗dR>

j∗HT

> QC(Z∆
p)




Denition 6.5.4. T        R ∈ CRp-nilp   jdR, jHT :

R∆ → RN ,      syntomication  R, Rsyn,    . B    

   Rsyn → Zsyn
p . E, Rsyn     R      

Gsyn
a → Zsyn

p .

6.6. The Breuil-Kisin twist. H        Osyn1  Zsyn
p   Breuil-

Kisin twist.



CONJECTURES OF DRINFELD 77

6.6.1. S            ON 1  ZN
p   



j∗dRON 1 ≃−→ j∗HTON 1
    Z∆

p .

W            BGm:      OBGm1
 ZN

p . N      

j∗dROBGm1 ≃−→ OZ∆
p
(6.6.1.1)

V  H-T ,     

j∗HTOBGm1 ≃−→ IZHT
p

(6.6.1.2)

           H-T .

6.6.2. N,       O∆1  Z∆
p         

  :

• ([10, (2.2.11)]) F    (A, I)    O∆1  S A    ι(A,I) 

R 6.2.6     A1.
• ([27, §4.8, 4.9]) W     O(ZHT

p )  Z∆
p    H-T . T

 ∗−    P  P(Z∆
p)   ,    O∆1    

 O(ZHT
p ).

• ([10, (9.1.6)]) L f : (P1
Zp
)∆ → Z∆

p          

P1
Zp

→ S Zp. T,   O∆−1 ≃ R2f∗O.

6.6.3. T    

∗O∆1 ≃−→ O(ZHT
p )⊗O∆1(6.6.3.1)

    Z∆
p .

W  

ON 1 = OBGm1 ⊗ π∗O∆1
S π ◦ jdR =   π ◦ jHT = ,  (6.6.3.1), (6.6.1.1)  (6.6.1.2)      

        Osyn1  Zsyn
p .

6.7. The canonical sections xdR and xN
dR.

6.7.1. F  R ∈ CRp-nilp,    

xdR : SR → R∆ ; xN
dR : A1Gm × SR → RN

   :

• T 

A1Gm × SR
xN
dR−−→ RN t−→ A1Gm

    .

• T   xN
dR     SR    xdR.

• W    

A1Gm × SR
xN
dR > RN

SR
∨

xdR

> R∆

π

∨





78 ZACHARY GARDNER AND KEERTHI MADAPUSI

6.7.2. T  xdR    C-W  (W (R)
p−→ W (R))    R → W (R)Lp  

   F   W (R)Lp  . A,   

   

W (R)Lp
≃−→ F∗W (R)

≃−→ GdR
a (R),

           Ga → GdR
a  R.

6.7.3. T  xN
dR     t : L → C     L   R- C  

C-W       GdR
a → L⊗R GdR

a . E,      

M(t) = F∗W V(L∨)♯
d=(V,t♯)−−−−−→ W,

   WdM(t)      WVW ≃ Ga,    

R → C = Ga(C) → (WdM(t))(C)

6.8. Relationship with divided powers. T          G-

M  .

Lemma 6.8.1. S        R′ ↠ R  CRp-nilp. T   

xdR,R′  §6.7      x̃dR,R′ : SR′ → R∆.

P. T        R′ → GdR
a (R′)     R   

       J  R′ ↠ R. S        

 ,       R′ ↠ R        p- 

Zp-.

N,         R′- J → G♯
a(R

′):    R 3.6.6. □
Remark 6.8.2. T      : F  A ∈ CRp-comp,     big

crystalline site,   ∞-        (A → R,R′ ↠ R, γ)  

     CRp-nilp
A . A         

S R′ → R∆ → A∆

I      ,          A → R    

́   . T        .

N               . T  

 [58, §4]       ,   .

6.9. Prismatic cohomology. W            (N-

 )      [13]  [10]   .

Denition 6.9.1 (R  ). S     ()   (A, I) 

A = AI. T,   R ∈ CRA     relative prismatic cohomology ∆RA.

T   — [10, C 4.1.3]—   K      

A- R,  ∆RA          ∞-  p-    A

(  [11, §7]):
∆RA

≃−→ ←−
(B,v)∈(RA)∆

B,

 (RA)∆      R   (A, I).

Remark 6.9.2 (C  H-T ). T - ∆RA
defn
= A ⊗A ∆RA  Fp

  relative Hodge-Tate cohomology,         

Fconj• ∆RZp
  - ,    30

conji ∆RAi ≃−→ ∧iLRA[−i]

30The cotangent complex appearing here is the p-completed version.
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  i ≥ 0;  [10, R 4.1.7]. T           

A-      P   ∆RA    R  A.

Denition 6.9.3. A p-    R  semiperfectoid      

R0     R0 ↠ R.

I [10, §4.4]       absolute prismatic cohomology ∆R   p- 

  R;    C 4.4.10  . . W        

 B-L  H [35]:

Theorem 6.9.4 (A   ). S  R0       

 (A, I) = (Ainf(R0),  θ). T:

(1) T      

∆R0

≃−→ ∆R0A
≃−→ A

(2) I ,   R0- R,    

∆R
≃−→ ∆RA

(3) I R    R0-,  ∆R ≃ ∆RA   (p, I)-   , 

     (     R0)  p-  

S(∆R)
≃−→ R∆

P. T     [10, P 4.4.12],       (1)

     (A, I)        R0 → A.

T    [11, C 7.18]. T         (∆R,∆R ⊗A I)  

      R → ∆R,            R0: 

    [35, T 3.3.7]. T  S(∆R) → R∆       

  R 6.2.6. □

Remark 6.9.5. S  R    Fp-,     R0 = R♭    . I

 ,   

∆R
≃−→ ∆RZp

γcrys
RZp−−−−→
≃

∆crys
RZp

≃−→ ∆crys
RW (R♭)

≃ Acrys(R)(6.9.5.1)

H, ∆crys
RW (R♭)

(. ∆crys
RZp

)        R  W (R♭) (.  Zp)

 Acrys(R) ↠ R   p-        W (R♭) ↠ R.31 T 

    [10, R 4.6.5],          W (R♭)  

́  Zp,             I [58, P. 4.64]. T

     -  W (R♭)    ∆R♭
≃−→ W (R♭).

I , R 4.6.5  [10]      

γcrys
RZp

: ∆RZp

≃−→ ∆crys
RZp

  R ∈ CRFp. I ,    R    

(6.9.5.2) ∆R
≃−→ ∆R

Lp
≃−→


∆crys
RZp


Lp

≃−→ RRFp
,

            R   R  Fp.

Remark 6.9.6. T  ∆R
≃−→ Acrys(R)         

      R 6.8.2. N,  R′ ↠ R     , 

L 6.8.1    ∆R → R′  ∆R → R,      Acrys(R)   p- 

      ∆R
≃−→ Acrys(R) → R′. T    .

31Note that this will not agree with the classical p-complete divided power envelope unless R is quasisyntomic.
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6.10. Filtered Cartier-Witt divisors associated with ltered prisms. O      

  R 6.2.6    .

Denition 6.10.1. A ltered prism     A       

  A-

F• A
Φ

> ∗ F•I A

F• A⊗A ALp
∨

1⊗
> F• A⊗A ∗ALp

ζ

∨

      -p  . W       (A, ζ).

Remark 6.10.2 (B-K  ). C    A      (A, I ′)
  E 5.4.14. T           

∗ F•I A
≃−→ F•I′ A⊗A ∗A → F•I′ A⊗A ∗ALp

Proposition 6.10.3. S        (A, ζ). T    

ι(A,ζ) : R(F• A) → RN
A

 p-    A1Gm    :

(1) T    C 

S(A)
τ
> R(F• A)

R∆
A

ι(A,I)

∨

jdR

> RN
A

ι(A,ζ)

∨

(2) T     

S(A)
σ
> R(F• A)

R∆
A

ι(A,I)

∨

jHT

> RN
A 

ι(A,ζ)

∨

(3) T   ι(A,ζ)   

A1Gm × S RA → R(F• A)

 R 5.4.20       R  xN
dR : A1Gm × S RA → RN

A

P. W (M ′ → W ) = (I ⊗A W → W )    C-W   S A. W   

         W -  S A

F• A⊗A W > F∗ F•M ′ W

F• A⊗A Ga

∨
> F• A⊗A GdR

a

∨

(6.10.3.1)
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    C     W -. T     

    ,        -  Φ. T    

   

F∗ F•M ′ W
≃−→ (∗ F•I A)⊗∗A F∗W

ζ⊗1−−→ (F• A⊗A ∗ALp)⊗∗A F∗W
≃−→ F• A⊗A (F∗WLp)
≃−→ F• A⊗A GdR

a 

N,    C  (L → C)    η : F• A → F•L C   C-

  R(F• A),    η    (6.10.3.1)        

 W -  C:

F• A⊗A W > F•α(η) W > F∗ F•M ′ W

F•L C ⊗C Ga

∨
> F•L C ⊗C GdR

a 

∨

(6.10.3.2)

H,       C  F•α(η) W     W -   

 C-W   C         L 6.4.3. I , 

       

RA = 0 A → 0 A⊗A W (C) → (0α(η) W )(C)

T,     η    RN
A (C). T     ι(A,ζ).

I (L
≃−→ C)   ,     α(η)     R ,    

    (6.10.3.2)       . I ,   

(0α(η) W )(C) → W (C)     RA-. T   (1).

L     (2). W η  

F• A → ∗ F•I,± A → F•L C,

  A → C   A
−→ ∗A → C. T F•L C   -  F•I A  ∗A → C  

  W -  C  (6.10.3.2)    

F• A⊗A W > ∗(F•I A)⊗∗A W > F∗(F•I A⊗A W ) ≃ F∗(∗(F•∗I A)⊗∗A W )

F•L C ⊗C Ga

∨
> F•L C ⊗C GdR

a

∨

          

F• A⊗A W ≃ ∗
∗ F• A⊗∗A W

Φ⊗1−−−→ ∗(F•I A)⊗∗A W

T   α(η)    H-T .

F  (3),      :

Lemma 6.10.4 (F   ). T      A   -

.
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P. U   F• A → F•triv RA  (6.10.3.1),         -

 
F• A > F∗ F•M ′ W (RA)

F•triv RA

∨
> F•triv GdR

a (RA)

∨

U ,          I ⊗R W (RA) → W (RA)
Lp  

  ,    I ⊗RW (RA) → W (RA)     W (RA)
p−→ W (RA). S

   C-W ,          . M,

                 

RA-. □

T,   η      A1Gm × RA     C 

t : L → C,           (6.10.3.2)  F∗ F•p W ,      

       . I     

(F1α(η) W → W )
≃−→ (F∗W  (L⊗G♯

a)
(V,t♯)−−−→ W )

   F1 A → F1α(η) W ≃ F∗W (L⊗G♯
a)    F        

   . I , 0α(η) W     Ga ≃ WF∗W ,    RA → (0α(η) W )(RA)

     RA    . T  (3)       . □

Example 6.10.5 (T B-K ). L       R 6.10.2. A  η : F• A →
F•L C   A- C     C ⊗A I ′

u−→ L
t−→ C    C ⊗A I ′ → C. A 

       W -  C

(F∗M
′ → F∗W ) → (I ′ ⊗A GdR

a → GdR
a ) → (L⊗C GdR

a
tdR

−−→ GdR
a )

       udR   . T   C-W    

M ′    udR.

Remark 6.10.6 (T  ). I   ,  A = Ainf(R0)     

   R0 (E 5.4.15),  I ′ = (−1(ξ))    I = (ξ), ,  E 5.4.21, 

      

S

Ainf(R0)[u, t](ut− −1(ξ))


Gm → RN

0 

T     ;  [8, P 5.5.8].

Example 6.10.7 (T W  ). T W  W (R)        

,   P 6.10.3      R(F•Lau W (R)) → RN . T   , 

,  ,  A   p-  ,      F•p A → F• A,  - 

   

ζ̃A : ∗ F•p A ≃ F•p A⊗A ∗A → F• A⊗A ∗A

W A = W (R),      

F•Lau W (R) > F∗ F•p W (R)

F•Lau W (R)⊗W (R) F∗W (R)

ζ̃W (R)

∨
1⊗F

>
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 . T      F•Lau W (R) → F∗ F•p W (R)      

≥ 1,            ≤ 0.

Corollary 6.10.8. S        γ : A → B  A     (A, ζ). L

S(B)    R 5.5.8. T     

ιγ : S(B) → Rsyn
A

 p-  .

P. P 6.10.3    S(A) → Rsyn
A ,        S(B) → S(A) 

 γ. □

Remark 6.10.9. I B   ZpnZ-,  ιγ    Rsyn
A ⊗ ZpnZ.

Example 6.10.10. S  R   Fp-. E 6.10.7  C 6.10.8     

 W (R) → W1(R)      

RFZip = S(W1(R)) → Rsyn ⊗ Fp

S § 8.1       .

6.11. Nygaard ltered prismatic cohomology. W       N   

.

Denition 6.11.1. A  R → S  p-     p-quasisyntomic ( 

quasisyntomic)    p-  ( , SLp    RLp),   LSR  p- T 

[−1, 0]:  , LSR ⊗ Fp  T  [−1, 0]  SLp.
W    R → S   quasisyntomic cover      SLp     RLp.
T     -   R → R′  p-   .

Example 6.11.2. T       

Zp[T ]
∧ → Zp[T

1p∞
]∧,

   ∧  p- .

Remark 6.11.3 (R N ). W          (A, I). F

  ,          ,     .

G R ∈ CRp-comp

A
, W ∗∆RA   - A ⊗,A ∆RA. I    [10, §5.1]   

    F•N ∗∆RA  ∆RA  FMA     :

(1) I     R.

(2) I  p-     R.

(3) I R   p-  A      RpR       A 

(RpR)♭,  FiN ∆RA     

FiN ∗∆RA = x ∈ ∗∆RA : (1⊗ )(x) ∈ Ii∆RA

Remark 6.11.4. T  1⊗  : ∗∆RA → ∆RA        

F•N ∗∆RA → F•I ∆RA

   i ∈ Z  

iN ∗∆RA
≃−→ IiIi+1 ⊗A Fconji ∆RA ≃ Fconji ∆RAi

S [10, R 5.1.2].
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Remark 6.11.5 (A N ). I [10, §5.5],        N

 F•N ∆R    . I      : F,  

 . S,  (A, I)      R   R0 = A-, ,  [10, T

5.6.2],  

∆R
Theorem 694(2)−−−−−−−−−−−→

≃
∆RA

≃−→ ∗∆RA

      

F•N ∆R
≃−→ F•N ∗∆RA(6.11.5.1)

I ,  R    (∆R, IR)          R → ∆R,   

FiN ∆R = x ∈ ∆R : (x) ∈ FiIR ∆R
M ,  R    (∆R, IR)     ,     

 

Φ : F•N ∆R → F•IR ∆R

  F   ∆R,        R 6.11.4  

 (6.11.5.1). T       [10, N 5.7.5].

Lemma 6.11.6. S  R  . T,     §5.4,   (F•N ∆R, IR → ∆R,Φ)

    (∆R, ζR)  0N ∆R ≃ R.

P. V -p T  [10, P 4.4.15, 5.5.24],        R   

Fp-. H       F•N ∆R          

Φ        . W R  ,     ,    

 ,            K   Fp- R   (3) 

R 6.11.3    K    Fp-. T  F
•
N ∆R   

       ,     Φ       

. T    R      .

T                   .

S F•N ∆R  p-     R,     E 6.10.7  

,   Fp-,          

ζ̃R : ∗ F
•
p ∆R

ζ̃∆R−−→ F•N ∆R ⊗∆R
∗∆R

I       --R 

F•N ∆R > ∗ F
•
p ∆R

F•N ∆R ⊗∆R
∗∆R

ζ̃R

∨
1⊗

>

 . S      K      Fp-

    ,        R = Fp[x].

H,   F•N ∆R  . T,           

    ,            

  :
Fconj• ∗∆RFp

> Ftriv• ∗∆RFp

Fconj• ∆RFp
⊗∆R

∗∆R

∨
1⊗

>
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W   Fconj• ∆RFp
  ∆R-    ∆R → R ≃ Fconj0 ∆RFp

. S   

 Fp[x]   - ,           

Fp[x] = Fconj0 ∗∆Fp[x]Fp

ι
> ∗∆Fp[x]Fp

Fp[x]⊗∆Fp[x]Fp
∗∆Fp[x]Fp

∨
1⊗

>

. T       x⊗ 1  1⊗ ι(x)       

. □

T     N        B-L 

   .

Theorem 6.11.7. S  R  . T     

ι(∆R,ζR) : R(F•N ∆R)
≃−→ RN

 p-  .

P. T     ι(∆R,ζR)   L 6.11.6  P 6.10.3.

T   ,      [8, T 5.5.10]. C   R0 → R  R0 ,

    ι
defn
= ι(∆R,ζR)      

[S(∆R0
[u, t](ut− −1(ξ)))Gm]

≃−→ R(F•N ∆R0
)

ι(∆R0
,ζR0

)

−−−−−−−→
≃

RN
0 

S R 6.10.6. T 6.9.4    ι      t ̸= 0 . T    

   u ̸= 0               

H-T  ∆RR0
 .

T   ι   ,               t = u = 0

. T   GN
a 

RN
0,(t=u=0) ≃ RHT

0 ×BGm ≃ S R0 ×BGm

      -  Ga  (O(1)−1 ⊗G♯
a)[1]. T,    

 RN
(t=u=0) → RN

0,(t=u=0)     RHT
0 × BGm–     RHT

0 (C)—   

  ξ    R0-   C     L  C—    

MCRingR0
(R,CB(L−1⊗CG♯

a)(C)). T     R-    R0-

C     

MR(LRR0
, B(L−1⊗CG♯

a)(C)) ≃ MR(LRR0
⊗RL

∨[−1]−1,G♯
a(C)) ≃ MR(ΓR(LRR0

⊗RL
∨[−1]−1), C)

H,    L 3.6.5.

T , RN
(t=u=0)    RHT

0 × BGm        

      p-   

ΓR(LRR0
[−1]−1) ≃

∞

i=0

∧iLRR0
[−i]−i

B  H-T  ( R 6.9.2),       R(F•N ∆R)(u=t=0).

T,  

R(F•N ∆R)(u=t=0) → RN
(t=u=0)(6.11.7.1)

       R0-
∞

i=0 ∧iLRR0
[−i]−i      -

 R0- R,            0. W     
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  . T  ,      [8, T 5.5.10]     

    K             p-

 R0-     R0-   p-. I ,       

 [11, T 7.17]       p-   R0[x]
∧  R0. H, 

    R0[x]
∧  R0[x]

∧dx−1[−1],         

           dx.

W       . I,        R0- R   

 (6.11.7.1)     RHT×BGm. I R0  p- ,    R = R0pR0; ,

  R = R0xR0     x ∈ R0. I ,    ,    R0   ,

         ,        R 6.9.5. □

6.12. Descent. T        p-       .

T  -  ,     ,       .

Proposition 6.12.1. S     p- ́  g : R → S  CRp-comp. T 

  gN : SN → RN  g∆ : S∆ → R∆  (p, I)- ́.

P. T   g∆    [11, R 3.9]. T    ,   C ∈ CRp-nilp  

C-W  I → W (C)   W (C),   p- ́   W (C)   

  W (C),      C. T  ,  R → W (C),  

S ⊗R W (C) ≃ W (C ′)

   ́  C → C ′.
L     gN :  (M

d−→ W )  ZN
p (C), WdM     W  (t♯),  t♯ :

V(L∨)♯ → G♯
a             SC. T,  

(WdM)(C) → W (C)

     C  G♯
a-. F  C,          

S ⊗R (WdM)(C) ≃ (WdM)(C ′)

   ́  C → C ′. I ,        C → D   D  G♯
a-,

          C     ́ C-. □

Proposition 6.12.2. S    g : R → S  CRp-comp  S  p-  Zp[T
1p∞

]⊗Zp[T ]R

   Zp[T ] → R. T    gN : SN → RN  g∆ : S∆ → R∆    

p-  .

P. B  -      N   , 

      R = Zp[T ]
∧  S = Zp[T

1p∞
]∧.

H,        L 5.3.9: F  C ∈ CRp-nilp    β : Zp[T ] →
W (C),        C → C ′,    Zp[T

1p∞
] → W (C ′)  β. N,  

 W (C) ↠ W (C) ← Zp[T ]    C-   R∆,         

 Zp[T ] → W (C),    C → C ′     ,        C ′- 

 S∆.

T         . F  N  , 

      RN (C). B  C              

 M(C, d, t, u) → W ( R 6.4.7). W     WLd → WM   

(u♯). T  ,  G♯
a- ,   Zp[T ] → (WM)(C)    ́   

 Zp[T ] → W (C)Ld,    W (C),           . □

Corollary 6.12.3. F  R ∈ CRp-comp,      R → R∞  R⊗Rm
∞ -

   m ≥ 1,      :
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(1) T 

R∆
∞ → R∆ ; RN

∞ → RN

    p-  ;

(2) R∆
∞ ≃ S ∆R        RN

∞ ≃ R(F•N ∆R)    p-  A

1-;

(3) T  

(R∞⊗̂RR∞)N → RN
∞

 (p, I)-  ,  I = IR∞ .

P. C         xi : i ∈ I  π0(R)pπ0(R),    R0[Ti : i ∈ I]∧p → R

 Ti  xi ∈ π0(R)pπ0(R). T R-

R∞
defn
= R0[T

1p∞

i : i ∈ I]∧p ⊗̂R0[Ti:i∈I]∧p R

   . B  R⊗Rm
∞     m ≥ 1,     P 6.12.2

 R∆
∞ → R∆  RN

∞ → RN     p-  : I,  P  

       ,              

       .

A (2)    T 6.11.7.

T     L 6.12.4 . □

Lemma 6.12.4. S  R → S       . T  

SN ⊗ ZpnZ → RN ⊗ ZpnZ

       p-  A 1-.

P. G T 6.11.7,         (1)     [32, P 2.29]. □

C C 6.12.3  L 6.12.4  :

Corollary 6.12.5. S  R → S      CRp-comp. T  

SN → RN

     p-  .

6.13. A nilpotence result. W            G-

M    §8.7. S  (R′ ↠ R, η)        

 CRp-nilp. T  L 6.8.1  T 6.9.4,    ∆R′ → R′   

∆R.

S

KR′↠R
defn
=  (∆R′ → ∆R)

J   R 5.9.8,  

1 : F1N ∆R′ → IR′ ; 1 : F1N ∆R → IR

     - 

KR′↠R → IR′ ⊗∆R′ KR′↠R

U      B-K ,     - 32

̇1 : KR′↠R1 → KR′↠R1
32If M → IR′ ⊗∆R′ M is a φ-semilinear map for a ∆R′ -module M , then it factors through a linear map φ∗M → IR′ ⊗∆R′ M . In

turn this gives a linear map φ∗(M{1}) ≃ I∨
R′ ⊗∆R′ (φ∗M){1} → (I∨

R′ ⊗∆R′ IR′ ) ⊗∆R′ M{1} ≃ M{1} corresponding to a φ-semilinear

endomorphism of M{1}.
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Proposition 6.13.1. S           m   D-

 3.6.7. T  

KR′↠R1
̇2m+1

1−−−−→ KR′↠R1 → KR′↠R1L(p, I)
 .

W     .

Assumption 6.13.2. U  ,     R′   Fp-. I ,  B-K

     ,     .

Notation 6.13.3. S K = KR′↠R, F
• A = F•N ∆R, F

• A′ = F•N ∆R′ ,  I = (R′ ↠ R). W   

 (·)   -p . S

Fi K = (Fi A′ → Fi A) ; Fconji K = (Fconji A
′ → Fconji A)

Remark 6.13.4. T  F1 K → K → K   1   Fconj1 K. M,  

  

I = (R′ ↠ R)
≃−→ (Fconj0 A

′ → Fconj0 A) = Fconj0 K

T  A′ → A → R′    (    R 5.9.13):

F1 K
≃−→ K  I[−1](6.13.4.1)

T   K   ̇1      

K → F1 K → Fconj1 K → K,

         (6.13.4.1). I        

u : Fconj1 K → K → F1 K → Fconj1 K(6.13.4.2)

Remark 6.13.5 (T --  ). L        

 ,              

 (R′ ↠ R, γ)  Fp-.

L        R′  R   Fp-     n(I) = 0 

n  ;  ,          . I  ,  

 K    K → F1 K    . L R♭     

 R,     R′. T A′ (. A)   p-     W (R♭) → R′ (.
W (R♭) → R). T  A → R′        I. T  F• A′ → F• A   

     ,    

K ≃ (AA′)[−1] ; F1 K = (F1 AF1 A′)[−1]

S J ′ = (R♭ → R′)  J = (R♭ → R). W π : A → AA′    . T  A′-

AA′        

π(γm1
([x̃1]) · · · γmr

([x̃r])),

 x̃i ∈ J  mi ≥ 2. T       F1 A      A   

 . T  K → F1 K         

AA′ → F1 AF1 A′(6.13.5.1)

 π(γm([x̃]))     γm([x̃]) − [ηm(x)],  x ∈ I     x̃  ηm(x) ∈ J     

  ηm(x) ∈ I. P            .
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Remark 6.13.6. L       Fconj1 K    . W     



R
≃−→ Fconj0 A ⊂ A

 x ∈ R  x̃p,   x̃ ∈ A  x;  [10, R F.7]. M,  C F.8  . ,

   Fconj1 A       Fconj0 A      γp(x̃)  x̃ ∈ J . F, 

P F.9  . .,      JJ2 ≃−→ conj1 A  x̃+J2     γp(x̃).

S      Fconj1 A
′
,      

0 → R′ → Fconj1 A → J ′(J ′)2 → 0 ; 0 → R → Fconj1 A → J ′(J ′)2 → 0

T     

I → Fconj1 K → conj1 K ≃ (J ′(J ′)2 → JJ2)

Lemma 6.13.7. W    R 6.13.6,    

H0(Fconj1 K)[0] > Fconj1 K > H1(Fconj1 K)[−1]

H0(Fconj1 K)[0]

H0(u)[0]

∨
> Fconj1 K

u

∨
> H1(Fconj1 K)[−1]

H1(u)[−1]

∨

       . S u0 = H0(u)  u1 = H1(u). T:

(1) W  u0(I) = u0(H
0(Fconj1 K)) ⊂ H0(Fconj1 K).

(2) T 

I
u0−→ H0(Fconj1 K) → Fconj1 A

′

 x ∈ I  ηp(x) − γ′
p(x̃

p)  x̃ ∈ J     x. H,    ηp(x)    

A
′
   R′ = Fconj0 A

′
.

(3) V   H1(Fconj1 K) ≃ J(J2 + J ′) ≃ II2, u1    

II2
x+I2 →ηp(x)+I2

−−−−−−−−−−−→ II2

I ,           m,  u2m  .

P. A (1)    ,   x̃ ∈ J ′ ∩ J2, u  γ′
p(x̃). V   ζ : H0(K) ≃

(AA′)[p], γ′
p(x̃)      

γp([x̃])
p ∈ A. I x̃ =


i ỹiz̃i  ỹi, z̃i ∈ J ,    

ζ(x̃) = (p− 1)!


i

π(γp([ỹi])γp([z̃i]))
(6.13.5.1)→ (p− 1)!



i

(γp[ỹi]− [ηp(yi)])(γp[z̃i]− [ηp(zi)]) ∈ (F1 AF1 A′)[p]

I           F:       F2 A.

L      (2). T  I → H0(Fconj1 K) ⊂ H0(K) ≃ (AA′)[p]    

 : I    x ∈ I   (p − 1)!π(γp([x̃])),  x̃ ∈ J     x. V

  (6.13.5.1)   

I → (AA′)[p] → (F1 AF1 A′)[p] → F1 A′

    x     F1 A′   

[x̃p]− p! · [ηp(x)] ∈ F1 A′

H      F       A
′


u(x) = (p− 1)!

γ′
p(x̃

p)− ηp(x)

= ηp(x)− γ′

p(x̃
p) ∈ H0(Fconj1 K)
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N   (3): U ,           

J(J2 + J ′)
x̃ →γp(x̃)−−−−−−→ A(A

′
)

    : G x̃ ∈ J     J(J2 + J ′),   γp([x̃]) ∈ A,    

 γp([x̃])−[ηp(x)] ∈ F1 A,      F    
γp([x̃]

p)
p −(p−1)!γp([ηp(x)]) ∈ A

     A(A
′
). S γp([x̃

p])    p2,       ηp(x) ∈ J .

F,   (1), (2)  (3)   ,  ηmp = 0, um
0  um

1     .

T, um    H1(Fconj1 K)[−1] → H0(Fconj1 K)       . □

P  P 6.13.1. S   R′  R   Fp-,     

    m. C   u  (6.13.4.2). T,  

  L 6.13.7,    u2m = 0. S ̇2m+1
1   u2m  p,     

̇2m+1
1 = 0  p.

T   R′    Fp-           ∞- 

   (R′ ↠ R, η)  Fp-    m      

  R′  R  . T          

    Fp⟨X⟩            m  

 Fp[X0,    , Xm−1](X
p
0 ,    , X

p
m−1).

F   ,  -p T     [10, P 5.5.24],   

,   R′ ∈ CRp-comp  ,      R′ ↠ R    

 m   ̇2m+1
1    K1L(p, I). □

7. A result of Bragg-Olsson

T          T 7.1.5,     B-O     

,                

.

7.1. Formulation of the result.

7.1.1. F R ∈ CRFp, 

Z1
∆(R) = Fconj1 ∆R ×∆R

F1Hdg ∆R ≃ (Fconj1 (RLp) → R)

T    

q1, q2 : Z1
∆(R) → conj1 ∆R ≃ LRFp

[−1],

 q1      Fconj1 ∆R → conj1 ∆R,  q2      F1Hdg ∆R →
1Hdg ∆R    C .

Z1
∆(R)        MR  Fconj1 ∆R. F  , q1  R-,  q2 

-,      R-  1⊗ q2 : ∗Z1
∆(R) → conj1 ∆R.

7.1.2. L M,∗
R   ∞-   (N,),  N ∈ MR,   : N → ∗N     MR.

F   ,    

q1,, q2, : RHR(N,Z1
∆(R)) → RHR(N, conj1 ∆R)

T  q1,     q1,     ,      

RHR(N,Z1
∆(R))

∗
−−→ RHR(

∗N,∗Z1
∆(R))

(1⊗q2)◦( )◦−−−−−−−−→ RHR(N, conj1 ∆R)
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Remark 7.1.3. S  R    Fp-. T  

Fconji ∆R ≃ τ≤iΩ•
RFp

,

  Z1
∆(R) ≃ Ω1,cl

RFp
[−1]        ,  conj1 ∆R ≃ H1(Ω•

RFp
)[−1].

T  q1     ,  q2   

Ω1,cl
RFp

[−1] → Ω1
RFp

[−1]
≃−→ H1(Ω•

RFp
)[−1],

      ,      C .

W N      R,          G(N,)  

 ( §7.2 ),    RΓ(R, (N,))  (  )    A-M   [3,

P. 2.4],       G(N,).

7.1.4. W      (N,) ∈ M,∗
R  

RΓ (R, (N,)) = 

RHR(N,Z1

∆(R))
q1,ψ−q2,ψ−−−−−−→ RHR(N, conj1 ∆R)




T   

S(N,) : CRR → McnFp

C → τ≤0RΓ (C, (C ⊗R N, ⊗ ))

Theorem 7.1.5. S  N     (−m)-;  S(N,)     

   A m-  R. I N  ,  S(N,)   . I, , N 

T   [1,∞),  S(N,)    R.

Remark 7.1.6. W R    N    ,     C 7.2.3   S(N,)  

       R. T     (N,)[−r]       

  . W R  N  N     R-,     S(N,)

   -  : C   (F1,1) → (F2,2) → (N,) → 0  F1, F2

    R,              S(F2,2) → S(F1,2).

Remark 7.1.7. S      

(N ′,′) → (N,) → (N ′′,′′)

 M,∗
R . T    C   

S(N,) > S(N ′,′)

S(N ′,′)

∨
> S(N ′′,′′)[−1]

0

∨

7.2. Flat cohomology of height one group schemes. W      B-O  -

      .

Construction 7.2.1. S  R     N        R. T  

(N,)        p-  G(N,)  R   1,    F

  ;  [22, E. VIIA], [19, §2]. E,  C  G(N,)∗     

  

V(N∨)
V(∨)−F−−−−−−→ V(∗N∨) ≃ R⊗,R V(N∨),

 F    F   V(∗N∨)    R.

W  :
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Theorem 7.2.2. F  C ∈ CRR,     

RΓ (C, (C ⊗R N, ⊗ ))
≃−→ RΓfppf(SC,G(N,))

P. B       (N,),       R    Fp-

. T        K        

R- C,        A-M [3, P 2.4];  R 7.1.3.

T          B-O [15, T 4.8],     

B-L. □

Corollary 7.2.3. (1) T  S(N,)        G(N,).

(2) I r ≥ 0,   S(N,)[−r]        BrG(N,).

(3) I r ≤ 0,  S(N,)[−r]     R      SB−r,    R → B−r 

(−r)- .

P. T       T 7.2.2. F   ,  ,   r ≤ 1,

 R 7.1.7    

(N,)[−r]
id−→ (N,)[−r] → (0, )

     S((0, )) ≃ SR    C   

S(N,)[−r] > SR

SR
∨

0
> S(N,)[−r+1]

0

∨

T,   r   S(N,)[−r]         B−r
defn
= R⊗B−r+1

R. F-

,        B−r+1 → R  (−r + 1)-  I−r+1. C

   

I−r+1 ⊗B−r+1
R → R → R⊗B−r+1

R = B−r

   R → B−r  (−r)- ,  . □

P  T 7.1.5. S  N  (−m)-. B [50, P 7.2.4.11(5)]   ,  

  (N,)      

(N,) ≃ j∈Z≥1
(Nj ,j)

,   j ≥ 1, Qj = (Nj−1 → Nj)[m − j]      R. H,   N0 ≃ 0. I N 

,     (Nj ,j) ≃ (N,)  j  . W  

S(N,) ≃ ←−
j

S(Nj ,j)

B R 7.1.7,   j ≥ 1,    C 

S(Nj ,j)
> S(Nj−1,j−1)

S(Nj−1,j−1)

∨
> S(Qj ,′

j)[j−m−1],

0

∨

 ′
j : Qj → ∗Qj      j [m − j]  j−1[m − j]. C  C 7.2.3, 

:

• S(Nj ,j)      A m-   j ≥ 1;
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• F j ≥ m    SC → S(Nj−1,j−1)  SR,  

S(Nj ,j) ×S(Nj−1,ψj−1)
SC → SC

         SBj   C → Bj  (j−m)-

.

B   ,    S(N,) → S(Nm−1,m−1)        

 ,          A m-  R.

Lemma 7.2.4. S  B ∈ CRC      

B ≃ j≥m Bj

 CRC         j ≥ m:

(1) Bj     C;

(2) (Bj → Bj+1)  (j −m)-.

T B      C.

P. F  j ≥ m,   τ≤(j−m)Bj → τ≤(j−m)B   ,      

      (j −m)-   CRC. □

T ,      S(N,)    N  T   [1,∞): B    

        S(N,)[−r]    N     r ≥ 1,      

C 7.2.3. □

8. Representability theorems for 1-bounded stacks

I  ,         . W   

     F -.

8.1. The map from the F -zip stack to the mod-p syntomication.

8.1.1. W     η : RFZip → Rsyn⊗Fp   E 6.10.10. W     

   η. C   

A1Gm × SR
xN
dR−−→ RN ⊗ Fp → Rsyn ⊗ Fp(8.1.1.1)

N,     

A1
+Gm × SR

xN
HT−−→ RN ⊗ Fp → Rsyn ⊗ Fp(8.1.1.2)

      GmGm × SR     (8.1.1.1),     

η̃ : Y × SR → Rsyn ⊗ Fp.

T    : G   (L, u : C → L)  A1
+Gm × SR  C ∈ CRR,  

 C-W  W
p−→ W        C  (GdR

a
0−→ GdR

a ) →
(GdR

a ⊗C L
0−→ GdR

a )   u. I    R 6.4.7,    C-W 

  M(L, p, 0, u) → W ;   WM(L, p, 0, u)      Ga,     

  R. T            R → C → W (C)Lp, 
.
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8.1.2. C    

BGm × SR → A1Gm × SR
xN
dR−−→ RN ⊗ Fp;

BGm × SR → A1
+Gm × SR

xN
HT−−→ RN ⊗ Fp

T      FN
p       : I      L  

C-W  M(L, p, 0, 0) → W ;     R → (WM(L, p, 0, 0))(C)   

          -   : R → R. T  

  η̃      η : RFZip → Rsyn ⊗ Fp.

8.2. F -gauges and F -zips.

8.2.1. S  R ∈ CR(ZpmZ). A F -gauge over R of level n   -  M 

Rsyn ⊗ ZpnZ. V   xN
dR  §6.7,          ∞-



QC(Rsyn ⊗ ZpnZ) → QC(RN ⊗ ZpnZ)
(xN

dR)∗−−−−→ QC(A1Gm × S(RLpn)),

       M → F•Hdg Mn  F -   n     RLpn.

T Hodge-Tate weights   F - M    i   −i
Hdg Mn ̸= 0. W    M 

1-bounded   H-T      1.

A     T 6.11.7,  :

Proposition 8.2.2. S  R  . T       

  ∞-

QC(Rsyn ⊗ ZpnZ) ≃−→ ∆R−gaugen,

       ∞-  ∆R-   n  §5.6. T     

 H-T    .33

F   :

Proposition 8.2.3. S  R → R∞    C 6.12.3. T      

  ∞-   H-T 

QC(Rsyn ⊗ ZpnZ) ≃−→ T

∆
R

⊗(•+1)
∞

−gaugen




Construction 8.2.4. A  M   MZpnZ-   R

RΓ∗
syn(M) : CRR → MZpnZ

C → RHQCoh(Csyn⊗ZpnZ)(MCsyn ,OCsyn⊗ZpnZ)

RΓsyn(M) : CRR → MZpnZ

C → RΓsyn(SC,MCsyn)
defn
= RΓ(Csyn,MCsyn)

W  

Γ∗
syn(M) = τ≤0RΓ∗

syn(M) ; Γsyn(M) = τ≤0RΓsyn(M)

S   R   Fp-. T   η : RFZip → Rsyn ⊗ Fp.    



η∗ : QC(Rsyn ⊗ Fp) → QC(RFZip)

N     

RΓ∗
syn(M) → RΓ∗

FZip(η
∗M) ; RΓsyn(M) → RΓFZip(η

∗M)

  F - M  R   1,            C 5.8.10.

33See Denition 5.6.3 for the one on the right hand side.
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Remark 8.2.5. I M     F - M∨,      

RΓ∗
syn(M)

≃−→ RΓsyn(M∨)

8.3. Prestacks of sections. W         §4.7.

8.3.1. S  R ∈ CR(ZpmZ). N  Rsyn ⊗ ZpnZ        

    

BGm × S(RLpn) → Rsyn ⊗ ZpnZ

   

xN
dR,R ⊗ ZpnZ : A1Gm × S(RLpn) → RN ⊗ ZpnZ

S     1-  X = (X, X0) → Rsyn ⊗ ZpnZ. D   Γsyn(X ) 

   C ∈ CRR  

Γsyn(X )(C) = MRsyn⊗ZpnZ(C
syn ⊗ ZpnZ,X )

U ,     

Γsyn(X )(C) = MRsyn⊗ZpnZ(C
syn ⊗ ZpnZ,X)×X♦,0(CLpn) X

0(CLpn),

 X,0 → SRLpn       X.

8.3.2. T      . F,   ΓN (X )  Γ∆(X )  R 

ΓN (X )(C) = MRsyn⊗ZpnZ(C
N ⊗ ZpnZ,X );

Γ∆(X )(C) = MRsyn⊗ZpnZ(C
∆ ⊗ ZpnZ,X)

R    R  H-T   

j∗dR, j
∗
HT : ΓN (X ) → Γ∆(X ),

   

Γsyn(X )
≃
> 


ΓN (X )

j∗dR>

j∗HT

> Γ∆(X )


(8.3.2.1)

8.4. Some auxiliary stacks. S  X = (X, X0)   1-   Rsyn ⊗ ZpnZ.

8.4.1. L X(n), X−,(n), X−,0     R  

X(n)(C) = MRsyn⊗ZpnZ(SCLpn,X );

X−,(n)(C) = MRsyn⊗ZpnZ(A1Gm × SCLpn,X );

X0,(n)(C) = MRsyn⊗ZpnZ(BGm × SCLpn,X )

T       W   RLpn  R        

(X, X0), .

8.4.2. I R     Fp-,   

X+,(n)(C) = MRsyn⊗ZpnZ(A1
+Gm × SCLpn,X )

T   W       X    A1
+Gm × SRLpn → RN ⊗ ZpnZ.
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8.4.3. S  n = m,   R   ZpnZ-. I  ,   R- C,    

CLpn → C,        X,X−, X0, X+  R (    n = m = 1) :

X(C) = MRsyn⊗ZpnZ(SC,X);

X−(C) = MRsyn⊗ZpnZ(A1Gm × SC,X );

X0(C) = MRsyn⊗ZpnZ(BGm × SC,X );

X+(C) = MRsyn⊗Fp
(A1

+Gm × SC,X )

T       ,       X -  CLpn  C.

N    -: T - BGm × SC → A1
+Gm × SC      F

  BGm × SC. I ,   

X+(C) = MRsyn⊗Fp
(A1

+Gm × SC,X)×φX♦,0(C)
X0(C)

H, X0    X0 = X0 ×SpecR, SR.

Proposition 8.4.4. S  X → Rsyn ⊗ ZpnZ   1-     π0(R)   G-.

S   X  -   Rsyn ⊗ ZpnZ. T X(n), X−,(n), X0,(n)  X+,(n) (

m = 1)—,  n = m,   X, X−, X0  X+ ( n = m = 1)—    

 A   R.

P. B P 3.5.4  4.6.8    X,−,(n), X,+,(n), X,0,n  X0,(n)   

  A . S  

X±,(n) = X,±,(n) ×X♦,0,(n) X0,(n),

          A .

T   X(n)   ,     -pn W     A   .

T       ( n = m)   ,    W .

□

Remark 8.4.5. S  X    (        -  

P 4.11.3). W n = m = 1,   R- C,  

X+(C) → MRsyn⊗Fp
((A1

+Gm)(u2=0) × SC,X)×φX♦,0(C)
X0(C)

  . S   L0
X ,•        X0    

     X. T,    ,    C  


X+ > X0

X0
∨

> V(L0
X ,−1[−1])

0

∨

T,    X0          A ,   X+

       A . N   X+      X0 

.

8.5. Dévissage to the F -zip stack. S  n = 1,      1-  X → Rsyn ⊗ Fp

 R ∈ CRFp.

Construction 8.5.1. D   ΓFZip(X )  R 

ΓFZip(X ) : CRR → S

C → MRsyn⊗Fp
(CFZip,X )
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T   L 5.10.6      

ΓFZip(X )
≃
> 


X− ×X X+

φλ∗
−◦pr1

>

λ∗
+◦pr2

>
X0


(8.5.1.1)

Lemma 8.5.2. S  X    r-      :

• X → Rsyn ⊗ Fp  -   π0(R)   G-;

• T  X−, X+, X0       A r-  R.

T ΓFZip(X )        A r-  R.

P. P 8.4.4        . W     -

 (8.5.1.1). □

Remark 8.5.3. L LX       X  Rsyn ⊗ ZpnZ. F   x ∈
ΓFZip(X )(C),    F - L(X )x = x∗LX ∈ AP(CFZip)  H-T    

−1. W          F - L(X )  ΓFZip(X ). S X     A

r-,  F -  (−r)-.

Construction 8.5.4. G   x  X  CFZip (,  ΓFZip(X )  C),    (−r)-

   F - x∗LX ,      (F•Hdg Lx,F
conj
• Lx, η,α). W   



x : F1Hdg Lx → Lx → conj1 Lx ≃ ∗ F1Hdg Lx(8.5.4.1)

B T 7.1.5,   i ∈ Z,           A (m+ i)-

34 Si(X ) → ΓFZip(X ),    x    S(Fil1Hdg Lx,x)[−i].

Theorem 8.5.5. S  X → Rsyn ⊗ Fp      :

• I   35;

• I  - .

T:

(1) T    C     R:

Γsyn(X ) > ΓFZip(X )

ΓFZip(X )
∨

> S1(X ),

0

∨

        .

(2) S  X    Rsyn⊗ZpnZ,        1-. T

Γsyn(X ) → ΓFZip(X )      S0(X ).

(3) I ,  X     L 8.5.2,  Γsyn(X )      

   A r-  R.

P. T      L 8.5.2.

F   ,         -      

R 4.12.6. T,     X   .

B  ,            (1)   .

H,     T 6.11.7  P 5.10.23.

A (2)    C 5.10.35.

□
34If m+ i < 0, this will just be a relative derived scheme.
35See Denition 4.12.5
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Corollary 8.5.6. S  M     (−r)- F -   1  R  H-T

    −1. I M    T   [s, r],  M∨    F -:  

T   [−r,−s]   H-T     1.

(1) T  Γ∗
syn(M)  R         A r-,  

     M  .

(2) I M    s ≥ 1,  Γsyn(M∨) ≃ Γ∗
syn(M)   ,    A  

R.

(3) I r ≤ 0,  Γsyn(M)       R.

P. A    § 3.3,    X = V(M) → Rsyn ⊗ Fp      r-, 

E 4.8.5         1- —    — 

     .

M,    X−,(n), X+,(n)  X0,(n)     : A

M   F -      (F•Hdg M,Fconj• M);  X−,(n) (. X+,(n), X0,(n))   -

pn W        MF1Hdg M (. MFconj−1 M , 0Hdg M). I ,

    ,  ,  M    F -,     C 5.8.10

  Γ∗
FZip(M )         A r-.

B T 8.5.5  R 4.12.6,    C 

Γ∗
syn(M) > Γ∗

FZip(M )

Γ∗
FZip(M )

∨
> S(N,)[−1]

∨

(8.5.6.1)

  : N → ∗N         ΓFZip(M)  N = F1Hdg M .

T, T 7.1.5   Γsyn(V(M)) = Γ∗
syn(M)       

 A r-.

F (2),   ,   , Γ∗
FZip(M)    R: T      

 (5.8.10.1) 

Γ∗
FZip(M )(R) ≃ RΓFZip(SR,M∨) ≃ (conj0 M∨[−1] → Fconj0 M∨ ×M∨ F0Hdg M

∨),

             ,    R. T  

       T 7.1.5.

W    (3): U  , M     F -,   (5.8.10.1)  

Γ∗
FZip(M )              R,      .

T     (8.5.6.1)  (3)  C 7.2.3. □

8.6. Bootstrapping from characteristic p: coecients. C    R   Fp-. S

     1-  X → Rsyn⊗ZpnZ. F m ≤ n,  Xm     Rsyn⊗ZpmZ.
O Γsyn(X1),      F - L1(X )   1  H-T    

−1:     x ∈ Γsyn(X1)(C)    Csyn ⊗ Fp      X
1 

Rsyn ⊗Fp. I ,   i ∈ Z,     C 8.5.6  McnFp
-    

 A  Γ∗(L1(X )[i]) → Γsyn(X1)    x   A 

Γ∗(L1(X )[i])x = Γ∗
syn(L1(X )x[i])

 C.
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Proposition 8.6.1. T    C   

Γsyn(Xm+1) > Γsyn(Xm)

Γsyn(Xm)
∨

> Γ∗(L1(X )[−1])×Γsyn(X1) Γsyn(Xm),

0

∨

I ,  X1     T 8.5.5,  Γsyn(X )       

  A r-  R.

P. T     T 8.5.5  C 8.5.6.

T    C         . L LN
1 (X ) (.

L∆
1 (X ))        N    ΓN (X1) (.   -

  Γ∆(X1))    L1(X )         X  

 .

F     ,      ΓN (X1)    (C, x)  x ∈ ΓN (X1)(C)



Γ∗
N (L1(X )[−1]) : (C, x) → MQCoh(CN⊗Fp)(LN

1 (X )x,OCN⊗Fp
[1])

S,  Γ∆(X1),        (C, x)  x ∈ Γ∆(X1)(C) 

Γ∗
∆(L1(X )[−1]) : (C, x) → MQCoh(C∆⊗Fp)(L∆

1 (X )x,OC∆⊗Fp
[1])

S  C     :          -

.

L        

ΓN (Xm+1)(C) → ΓN (Xm)(C)

B T 6.11.7, CN ⊗ ZprZ   R  R(F•N ∆C)⊗ ZprZ. T     §4.5   

 C 

ΓN (Xm+1)(C) > ΓN (Xm)(C)

ΓN (Xm)(C)
∨

> M(R(F•N ∆C
Lpm  F•N ∆C [1]),X)×X♦,0,(1)(C) X

0,(1)(C)

0

∨

M,    R  

C → M(R(F•N ∆C
Lpm  F•N ∆C [1]),X)×X♦,0,(1)(C) X

0,(1)(C)

    ΓN (Xm)       Γ∗
N (L1(X )[−1]),     

C     ΓN (Xm):

ΓN (Xm+1) > ΓN (Xm)

ΓN (Xm)
∨

> Γ∗
N (L1(X )[−1])×ΓN (X1) ΓN (Xm)

0

∨

T    C  N   ∆. C     (8.3.2.1)

   P. □
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Remark 8.6.2. N      C         

  R   Fp-: O           

.

S  X    (2)  T 8.5.5. T       , 

    P 8.6.1  C 8.5.6.

Corollary 8.6.3. W  , Γsyn(Xm+1) → Γsyn(Xm)       

A  Γ∗(L1(X )),       .

8.7. Deformation theory. W        .

Construction 8.7.1. S        (C ′ ↠ C, γ)  R-. T  

   

Γsyn(X )(C ′) > X−,(n)(C)

Γsyn(X )(C)
∨

> X−,(n)(C)×X(n)(C) X
(n)(C ′)

∨

(8.7.1.1)

T    : T              

  Γsyn(X ) → X−,(n)      -pn    

xN
dR : A1Gm × SC → CN

  R- C. T             (-pn

  ) 

x̃dR,C′ : SC ′ → C∆

 L 6.8.1.

Theorem 8.7.2. S  X  1-   ,   Γsyn(X )     

    p-  A   R 36. L (C ′ ↠ C, γ)     

. T    (8.7.1.1)  C.

P. W

α(C′↠C,γ) : Γsyn(X )(C ′) → Γsyn(X )(C)×X−,(n)(C)×
X(n)(C)

X(n)(C′) X
−,(n)(C ′)

   . W                .

B  ,        C ′  C  . N   

    C ′ ↠ C         

∆C′ = Acrys(C
′) > ∆C = Acrys(C)

C ′
∨

>
<

C
∨

M,  P 6.13.1   ,           

     F ̇1  (∆C′ → ∆C)        .

N,    (C ′ ↠ C)  1-. I  ,       P 5.9.9

 B = ∆C′  A = ∆C . I,  R 5.9.13,         ̇1

        ∆C′ → ∆C  . T       [10, R

4.1.20]: O                 

36We will only need it to be locally almost nitely presented and innitesimally cohesive.
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H-T  ( , H ),      ∧k
C′LC′Fp

[−k] → ∧k
CLCFp

[−k] 

    k ≥ 0. T        

C ′ ⊗C ∧k
C′LC′Fp

→ ∧k
CLCFp

 k- . H         

∧i
CLCFp

⊗C ∧j
C(LCC′ [−1])

 i + j = k  j ≥ 1,              k-. N, LCFp
 1-

,  LCC′  2- [52, C 25.3.6.4],       ́ [52,

P 25.2.4.2].

I   , ∆C′ → ∆C    ,         § 5.9.

T ,        :

(1) I     C ′ ↠ C1 ↠ C,       , 

    C     C ′ ↠ C        .

(2) F  m ≥ 0, τ≤mC ′ ↠ τ≤mC       C ′ ↠ C.

(3) I C1 → C      Fp-,  C1×C C ′ ↠ C1      

 

A  ,    

C ′ ↠ C ×τ≥1(C) τ≥1(C
′) ↠ C

    . T      1-  ,   

   (8.7.1.1)  C   . T    -    τ≥1(C) ↠ τ≥1(C
′),

           C     

         1- .

T,     C ′  C  1-. V   ,    0-,

         :

• π0(C
′)

≃−→ π0(C)   ;

• C ′  C  .

L       . H,   C = C ′I,  I ⊂ C ′      

 . U    ,     

Γsyn(X )(C) = J⊂I Γsyn(X )(C ′J)

 J ⊂ I      -  I        J .37 T

       I   ,      I [n]  I   0. B

     ,        I [2] = 0,     

   I ⊂ C ′   - . I  ,      Γsyn(X ),  

        C ′ = C  I[1],          

1- .

N,        π0(C
′)

≃−→ π0(C)   . I   D = π0(C),  C ′ (.
C)   -   M ′[1] (. M [1])    D- M ′, M ,    C ′ ↠ C

    M ′ → M  D-. I M ′′ ⊂ M     M ,     C ′ ↠ C ′′ ↠ C 

     C ′′   -   D  M ′′[1]. T    

 1- ,         M = M ′′     M ′. S N = M ′M ;

    C ′ ↠ C    D- N ,   N         

  N [m] ⊂ N      γk : N → N   k ≥ m. J     , 

            - ,       1-

. □
37Note that, since the divided powers are nilpotent, the divided power closure of any nitely generated ideal is once again nitely

generated.
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Remark 8.7.3. U  ,            C ′ ↠ C.

N    

Γsyn(X )(C) → ΓFZip(X )(C)
x →x−−−−→ π0(MC(F

1
Hdg Lx,

∗ F1Hdg Lx))

H, x    C 8.5.4. W  π0(C)-   ,      

 f 

0 = Φn(f) = (n)∗f ◦ · · · ◦ ∗f ◦ f = 0 ∈ π0(MC(F
1
Hdg Lx, (

n+1)∗ F1Hdg Lx))

  n ≥ 1.

L

Γnilp
syn (X )(C) → Γsyn(X )(C)

     . T   nilpotent locus  Γsyn(X )(C).

W   ,      (C ′ ↠ C, γ)  ,    (8.7.1.1)

   C 

Γnilp
syn (X )(C ′) > X−,(n)(C ′)

Γnilp
syn (X )(C)

∨
> X−,(n)(C)×X(n)(C) X

(n)(C ′)
∨

(8.7.3.1)

S    π0(C
′) → π0(C)   ,    Γnilp

syn (X )(C ′)   Γnilp
syn (X )(C), 

    . T     C,         

  C ′  C  . H,  (C ′ ↠ C)  1-,       

  : W         ̇1     x   

  R 5.9.28.

F   ,        : L     C → ΓWitt(X )(C) 

  W   W (C)     § 5.9. W      

Γnilp
Witt(X )(C) → ΓWitt(X )(C)

N, R 5.9.29      

Γnilp
syn (X )(C) → Γnilp

Witt(X )(C)(8.7.3.2)

      ∆C → W (C)   .

T ,      relative Witt frame W (C ′C)   [45, E 2.1.9]: A   

      W (C ′),       C, W (C ′) → W (C)

     

W (C ′) → W (C ′C) → W (C)

U R 5.9.28        Γnilp
Witt(X )(C)  W (C ′C) . C 

 P 5.9.7     C 

Γnilp
Witt(X )(C ′) > X−,(n)(C ′)

Γnilp
Witt(X )(C)

∨
> X−,(n)(C)×X(n)(C) X

(n)(C ′)
∨



O          (8.7.3.2)    (8.7.3.1). T 

 .
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Remark 8.7.4. B  ,          - -

       W     R- C. T ,   

Γnilp
syn (X )(C)

≃−→ Γnilp
Witt(X )(C)

Remark 8.7.5. I ,    . L (A, ζ)       C = RA ∈ CRR,  

   S(A) → Csyn → Rsyn   P 6.10.3. T       §5.9 

   X  S(A)⊗ Fp     ΓA(X )(C)    

Γsyn(X )(C) → ΓA(X )(C) → ΓWitt(X )(C)

I  

Γnilp
A (X )(C) = ΓA(X )(C)×ΓWitt(X )(C) Γ

nilp
Witt(X )(C)

          

Γnilp
syn (X )(C) → Γnilp

A (X )(C) → Γnilp
Witt(X )(C),

              . I ,   

Γnilp
syn (X )(C)     A  RA ≃ C.

Remark 8.7.6. T   ,      C,      

∆C → π0(∆C),   Γ
nilp
syn (X )(C)          Csyn.

W         - . T        

    F   (∆R → π0(∆R))  R . C,   

                R.

I       ,         Γsyn(X )  

       Csyn   C. T     ,  X  

     Rsyn ⊗ Fp, Γsyn(X )        R.

8.8. Bootstrapping from characteristic p: the base. W    R    CRp-comp. F  p-

  Z  R  R(Z) = Z(1),   R(Z)(C) = Z(CLp)   C ∈ CRp-comp
R . T  

   ∞-  p-    R,     : W 

Rt(Z)(C) = Z(C ⊗ F⊗Zt
p )

T        ́   p:

Proposition 8.8.1. L X → Rsyn ⊗ ZpmZ   1-     . F  C ∈
CRp-comp

R ,   

Γsyn(X )(C) → T

Γsyn(X )(C ⊗Z F⊗Z•+1

p )


  . T ,      p-  

Γsyn(X )
≃−→ T


R•+1(Γsyn(X ))




N,  (C ′ ↠ C, γ)      R-,       (8.7.1.1).38

Corollary 8.8.2 (G-M). S  X → Rsyn ⊗ ZpmZ  1-   ,

  Γsyn(X )⊗Fp  . T,  (C ′ ↠ C, γ)      ,  

 (8.7.1.1)  C.

P. N        -   C ′ → D′. T, 
 m ≥ 1,  

C ′ ⊗ F⊗Z•+1
p ↠ C ⊗ F⊗Z•+1

p

  R⊗ Fp-            

R⊗ Fp-. T           (8.7.1.1),    C

38Strictly speaking, we had imposed the condition that R be an Fp-algebra when we introduced this square; however, this hypothesis

was not used in its construction.
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 T 8.7.2. W   P 8.8.1,          

      C . □

A   ,  :

Corollary 8.8.3. W   ,  ϖX : Γsyn(X ) → X−,(n)    . T Γsyn(X )

       X−,(n),     

LΓsyn(X )R ≃ ϖ∗
XLX−,(n)X(n) ;

LΓsyn(X )X−,(n) ≃ ϖ∗
X


LX(n)RX−,(n)


[1]

A P 8.8.1,    :

Theorem 8.8.4. S  X   1- r-  Rsyn ⊗ ZpnZ. S     

:

(1) X  -   π0(R)   G-;

(2) X   ,   p-   X−  X0  RLpn  .

T:

(1) Γsyn(X )     p-      A r-  R.

(2) I X    Rsyn ⊗ ZpnZ  (-) ,  Γsyn(X )  (-) .

(3) I X−  X0  -,  Γsyn(X )  -.

P. W    R   ZpmZ-   m ≥ 1. A ,      ,

      (2)  . M,  R 8.4.5,  n = m = 1,    

   X+   .

O     (1)       A-L ; 

R 8.8.13 . H,        G-M .

B P 8.6.1,   ,   , Γsyn(X )⊗Fp       

 A r-  RLp.
I p > 2,   C 8.8.2         R ↠ RLp,  

 C   

Γsyn(X ) > X−,(n)

R(Γsyn(X ))
∨

> X(n) ×R(X(n)) R(X
−,(n))

∨



A (1)  ,                  

     p-  A   R.

I p = 2,      ,         R ↠ RL4
     Γsyn(X )⊗Z4Z      A   Z4Z,    

        R ↠ R⊗Z4Z F2 ( R ∈ CR(O4))     

   n = 1.

L     (2)  (3): I         Γsyn(X ) ⊗ Fp. F, 

,     (2) (.  (3)), ΓFZip(X1)  (-)  (.  ): T

  P 4.6.8    (8.5.1.1).

N,       ΓFZip(X1) → S1(X1)  -,       

   (2). T     S0(X1)  -  ΓFZip(X1),   

    (2). T        T 7.1.5:      

     (2)        X  (−1)-.

C  T 8.5.5,   ,     (2) (.  (3)), Γsyn(X1) ⊗ Fp 
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(-)  (.  ). B P 8.6.1,    n ≥ 2   

   : F    F - M  R  H-T   

 −1   Γ∗
syn(M) → SR  -,      M  (−1)-. T

-   C 8.5.6. T          Γ∗
syn(M[1]),  

    — M  (−1)-—Γ∗
syn(M[1])      . □

8.8.5. W       P 8.8.1. L      f : Z → Y  p- 

  Rsyn satises Tot descent for X    

MRsyn⊗ZpnZ(Y ⊗ ZpnZ,X) → T

MRsyn⊗ZpnZ(Z

×Y (•+1) ⊗ ZpnZ,X)


  . T  satises universal Tot descent for X ,   Y ′ → Y ,  -

Z ×Y Y ′ → Y ′   T   X

Remark 8.8.6. A     T   X.

Remark 8.8.7. A     () T   X   () T

  X.

Remark 8.8.8. S     Z
f−→ Y

g−→ V  :

• f ◦ g  T   X;
• f   T   X

T g   T   X. T  ,     f ,     

f×V m : Z×V m → Y ×V m   T   X   m ≥ 1.

Remark 8.8.9. W      H-L  P: S    A ∈
CR     Z[T1,    , Tr] → A   A   J-,  J = (T1,    , Tr) ⊂
Z[T1,    , Tr];  A = AL(T1,    , Tr). S      J-  A  Y  A. T,

 R ∈ CRA  J-,  

Y(R) → T


Y(R ⊗A A

⊗L
A•+1

)



  . I ,     Y      ;  [33, C. 3.1.4].

S P 8.8.1     T D. H           

.

Lemma 8.8.10. T  C∆ ×Z∆
p
ZHT
p → C∆  T   X.

P. V    ,       C  . L I
t−→ ∆C  

 C   ∆C      ,    

C∆ ≃ S(∆C) ; C
∆ ×Z∆

p
ZHT
p ≃ S(∆C)(t=0)

N, ∆C      I-         . T, 

   R 8.8.9. □

Lemma 8.8.11. T  FHT
p → ZHT

p   T   X

P. W   P 6.3.2,   ( R 8.8.6)    S Zp → ZHT
p  

T   X .

I      ( R 8.8.8)    SFp → S Zp   T  

X. T   R 8.8.9         p-  . □
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Lemma 8.8.12. S    C ∈ CRp-nilpR . T     C 

M(CN ⊗ ZpnZ,X ) > M(C∆ ⊗ ZpnZ,X)

X−(CLpn)
∨

> X(CLpn)
∨

P. V  ,       C ,     T 6.11.7

  . □

P  P 8.8.1. T       SC → C∆  SC → CN 

  

C∆ ×Z∆
p
F∆
p ×Z∆

p
× · · · ×Z∆

p
F∆
p  

•+1

≃−→ (C ⊗ F⊗•+1
p )∆;

CN ×ZN
p
FN
p ×ZN

p
× · · · ×ZN

p
FN
p  

•+1

≃−→ (C ⊗ F⊗•+1
p )N 

L 8.8.10  8.8.11     

C∆ ×Z∆
p
FHT
p → C∆ ×Z∆

p
F∆
p → C∆

 T   X,       T   X. T, R 8.8.8

   C∆ → C∆ ×Z∆
p
F∆
p  T   X.

T,        ,    

M(C∆ ⊗ ZpnZ,X)
≃−→ TM


(C ⊗ F⊗•+1

p )∆ ⊗ ZpnZ,X
N, L 8.8.12   R 8.8.9      

M(CN ⊗ ZpnZ,X )
≃−→ TM


(C ⊗ F⊗•+1

p )N ⊗ ZpnZ,X



T         (8.3.2.1). □

Remark 8.8.13. W π0(R)   G-,     T 8.8.4  P 8.6.1  

  : S  Y   p-    R    :

(1) Y⊗ Fp          A   RLp;

(2) Y  T     p: F  C ∈ CRp-nilpR ,   

Y(C) → T

Y(C ⊗ F⊗·+1

p )


  .

T Y      p-  A   R.

T    A-L  [49, T 7.1.6]. A      

   . T    p-      Y  

         Y ⊗ Fp  T   p  p- 

 . F ,        ,    

     . .

Remark 8.8.14. F  C ∈ CRp-nilpR , 

Γnilp
syn (X )(C) = Γnilp

syn (X1)(CLp)×Γsyn(X1)(CLp) Γsyn(X )(C)

T  Γnilp
syn (X ) → Γsyn(X )   nilpotent locus,     C 8.8.2  R 8.7.3

 ,         (C ′ ↠ C, γ),    C 
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   . T ,    G-M          

  .

M,  R 8.7.4  T ,    C 5.9.10   ,  

 Γnilp
syn (X )(C)      W    R- C. I ,   , 

   R 8.7.5  Γnilp
syn (X )(C)        (A, ζ)  RA ≃ C. I

,   C,         Csyn.

8.9. Functoriality. S      f : X1 → X2  1-   Rsyn ⊗ ZpnZ 

   T 8.8.4. T        Γsyn(f) : Γsyn(X1) → Γsyn(X2)  R.

W       W   X
−,(n)
1 → X

−,(n)
2  X

(n)
1 → X

(n)
2 .

T     C 8.8.3:

Proposition 8.9.1. L ϖ1 : Γsyn(X1) → X
−,(n)
1    . T     

LΓsyn(X1)Γsyn(X2)
≃−→ ϖ∗

1LX
−,(n)
1 (X

(n)
1 ×

X
(n)
2

X
−,(n)
2 )



8.10. Sections of perfect F -gauges with Hodge-Tate weights ≤ 1. S  M    F -

  n  R ∈ CRp-comp  H-T    1. P M   xN
dR  

    F•Hdg Mn  RLpn. T      T 8.8.4

 C 8.5.6      Γsyn(M) ≃ Γ∗
syn(M∨).39

Theorem 8.10.1. T  Γsyn(M)     p-      A

  R    OΓsyn(M) ⊗R (−1
Hdg Mn)

∨[1]. M,  (C ′ ↠ C, γ)    

   CRp-comp
R ,     C 

Γsyn(M)(C ′) > C ′ ⊗R F0Hdg Mn

Γsyn(M)(C)
∨

> (C ⊗R F0Hdg Mn)×C⊗RMn
(C ′ ⊗R Mn)

∨

M:

(1) I M  T   (−∞,−1],  Γsyn(M)      p-    R.

(2) I M  T   [0,∞),  Γsyn(M)     p-    R.

P. O     . T  ,     R   Fp-. W

   C 8.5.6       M   1       ́

   p (     P 8.6.1)        . □

8.11. Stacks of perfect F -zips of Hodge-Tate weights 0, 1. F  n ≥ 1,  X → Zsyn
p ⊗ ZpnZ  

1-    -  P{0,1} → BGm    E 4.8.6.

W       Γsyn(X ) → Zp  Psyn{0,1},n. C,    

R ∈ CRp-nilp  ∞- P{0,1}(Rsyn ⊗ ZpnZ)≃   F -   n  R  H-T

 0, 1.

O          F•Hdg Mtaut   ,   R,

   F -   n      Rsyn,     xN
dR. W  

   T 8.8.4     E 4.8.6.

39One can also, without any additional work, formulate and prove a version for almost perfect F -gauges wth Hodge-Tate weights

≥ −1 by considering the prestack Γ∗
syn(M) instead.
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Theorem 8.11.1. T  Psyn{0,1},n     p-      A

  Zp    (−1
Hdg Mtaut)

∨⊗F0Hdg Mtaut. M,  (C ′ ↠ C, γ)    

   p-   CR,     C 

Psyn{0,1},n(C
′) > P{0,1}(A1Gm × SC ′Lpn)

Psyn{0,1},n(C)
∨

> P{0,1}(A1Gm × SCLpn)×Perf(CLpn) P(C
′Lpn)

∨

P. T               . F , 

  

X−,(n) : C → P{0,1}(A1Gm × SCLpn)

X(n) : C → P(CLpn)

T     X−,(n) → X(n)     M  CLpn     F• M 

M  i M    i,  i M ≃ 0  i ̸= −1, 0. G        

 f : F0 M → F−1 M = M  F0 M   CLpn.
T          M         F0 M →

−1 M ,      C- (F0 M)∨ ⊗C −1 M . T    C 8.8.3  

   . □

Corollary 8.11.2. G R ∈ CRp-nilp,  Psyn{0},n(R)   ∞-   F -  H-

T  0. T     

Psyn{0},n(R)
≃−→ Db

lisse(SR,ZpnZ)

            ZpnZ-  SR.

P. W   Psyn{0},n      Psyn{0,1},n   M   −1
Hdg Mtaut ≃

0. M,            ́  S Zp. I ,

         Fp- R.

F  R,             ∞-    M

 Wn(R)-     ∗M
≃−→ M. W         K,

   [12, P 3.6]. □

Remark 8.11.3. E,       M  RΓsyn(M),        

́   R  T 8.10.1.

9. The algebraicity conjecture of Drinfeld

W         . F      G  Zp  

1-  µ : Gm,O → GO       O       Qp

   k.

9.1. Denitions. T     Zsyn
p → BGm   B-K   §6.6. T -

  ON     BGm,O,      Osyn; ,        

p-  

Osyn → (BGm × S Zp, ιO)

T,     1-  B(G,µ)  D (4.10.4)   Osyn.
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Denition 9.1.1. F  R ∈ CRp-comp
O ,   BTG,µ

n (R) = Γsyn(B(G,µ)⊗ ZpnZ)(R). S

BTG,µ
∞ = ←−

n

BTG,µ
n 

F  R ∈ CRp-comp
O ,  n-truncated (G,µ)-aperture  R      ∞- BTG,µ

n (R).

A (G, µ)-aperture  R     BTG,µ
∞ (R).

Remark 9.1.2. F R ∈ CRf,p-nilpO , BTG,µ
n (R)      ∞-  G- Q  RN ⊗

ZpnZ         j∗dRQ
≃−→ j∗HTQ  G-  R∆ ⊗ ZpnZ,  

 : I Qµ    Gµ-, ,     R → κ  S R, 

  (xN
dR)

∗Qµ  BGm × Sκ  .

Remark 9.1.3. S  (A, ζ)    . T     ι(A,ζ)  P-

 6.10.3—     ιid:A→A  C 6.10.8—    

BTG,µ
n (RA) → WindG,µ

n,A(RA)

M ,  B → A⊗ ZpnZ     ,      BTG,µ
n (RA)   ∞-

   B. I ,  A = W (R)   W     R ∈ CRFp, 

B = Wn(R)   n- W ,      BTG,µ
n (R) → DispG,µ

n (R),   

    k.

Remark 9.1.4. W µ    Zp, D      BTG,µ
n  [25],   

       ,      .

T ,   µ        A(G)   G. S µ   

Zp, Gµ   BGm         Gµ-  Rsyn   R ∈ CRp-nilp.

D   BTG,µ
n (R)    ∞-  Gµ-    BGm×Sκ  

   R → κ      κ.

W      ,      1-  B(G,µ)    

  : W          (BGµ, BMµ)     

  BGm,Zp
,  BMµ     1-    L 4.9.6. I   BTG,µ

n

       ,    D   T 9.3.2   

  . I ,      [28, C C.3.1].

I     µ  G,          D,  µ 

   A(G) ,   ,       Gµ-
 G-    1- .

H,     : W,  , G   ,     G 

  , D            µ,  Gµ
   G × BGm. B,  p- H ,         ,  

   H-T   ́  G . F  ,     

   .

M ,          [37], D     

 µ      ()     Zp. S §10.4      

  ,          P 10.4.3.

9.2. The semiperfectoid case.

Lemma 9.2.1. S  R     R → S  ́. T S   . M,

     ∆R → ∆S  (p, IR)- ́,   

∆S ⊗∆R
F•N ∆R

≃−→ F•N ∆S 

P. C    R0    R0 ↠ R,     Ainf(R0) = ∆R0
→ ∆R.
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B [66, T 04D1],       ́   R  π0(R),    p- ́

 R0 → R′
0   S = R′

0 ⊗R0
R. W         ∆R0

→ ∆R′
0


(p, IR0
)- ́. T      R′

0   ,40      

R♭
0 → R

′,♭
0   ́,     

∆R0
= W (R♭

0) → W (R
′,♭
0 ) = ∆R′

0

 (p, IR0
)- ́.

F   ,     P 6.12.1, SN → RN  (p, IR)- ́. T 

     P 5.4.23  T 6.11.7. □

T       BTG,µ
n        (G,µ)-  §5.5

Proposition 9.2.2 (Q ). I R → R∞    C 6.12.3,   :

BTG,µ
n (R)

≃−→ T

BTG,µ

n (R⊗R•+1
∞ )



P. T        P 6.12.2. □

Lemma 9.2.3. I R  ,      ́  Rét  S(R),    



BTG,µ
n Rét

≃−→ WindG,µ
n,∆R

P. T    L 9.2.1, T 6.11.7  R 9.1.3. □

Remark 9.2.4. C P 9.2.2  L 9.2.3  P 5.5.2,    BTG,µ
n (R) 

     ∞-  G- Q  RN ⊗ZpnZ     j∗dRQ
≃−→ j∗HTQ

 G-  R∆⊗ZpnZ,          Gµ- Qµ:

(1) F    R → κ  S R,    (xN
dR)

∗Q  BGm × Sκ   

Pµ,     Bµ : BGm,O → BGO;
(2) F    R → κ  S R,    (xN

dR)
∗Qµ  BGm × Sκ  ;

(3) T   Qµ  RN ⊗ ZpnZ      p-   S R;

(4) T   Qµ  RN ⊗ ZpnZ      S R.

I S R  ,       : F    R → κ,  

 (xN
dR)

∗Q  BGm × Sκ    Pµ.

9.3. Representability. I   X = B(G,µ) ⊗ ZpnZ   1-   Osyn ⊗ ZpnZ,  

  X−,(n) → SO  BP
−,(n)
µ ,    X(n)   W    BG

(n)
µ .

9.3.1. I X1 = B(G,µ)⊗Fp,  ΓFZip(X1)     0- A   k  

. I,        R 4.9.7  (8.5.1.1)        F -zips

with G-structure of type µ;  ,   F = (F ,F+,F−, η+, η−,α) :

• F   G-  R;

• F+   P+
µφ -  R;

• F−   P−
µ -  R;

• η+ : F+ → F   P+
µφ - ;

• η− : F− → F   P−
µ - ;

• α : F+U+
µφ

≃−→ ∗ F−U−
µ


    Mµφ -.

T     [65, §3.3];      [25, §3.2],     DG1 . I 

   ,   ΓFZip(X1) ≃ DispG,µ
1 .

T    T D  G

40This is a much easier assertion than the almost purity theorem for perfectoid algebras over elds!
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Theorem 9.3.2. BTG,µ
n     0- p-  A   O  

. F      (C ′ ↠ C, γ)  p- O-,    C



BTG,µ
n (C ′) > BP

−,(n)
µ (C ′)

BTG,µ
n (C)

∨
> BP

−,(n)
µ (C)×BG(n)(C) BG(n)(C ′)

∨

M,    BTG,µ
n+1 → BTG,µ

n    .

P. T 8.5.5       BTG,µ
n   -    p-

 A   O   .

T     C         C 8.8.2.

S BP
−,(n)
µ → BG(n)  ,     BTG,µ

n    p-  A   O.

T          -p         C 8.6.3.

N        : BTG,µ
1 ⊗ Fp     DispG,µ

1     S0(X1)  (2)

 T 8.5.5. I ,  C 7.2.3,    S0(X1)         

    . T     L    [28]. I ,   

BTG,µ
1 ⊗ Fp     DispG,µ

1    L  :       . . 

 .

O BTG,µ
1 ⊗Fp,      F - M1(g)        G

   G-  (BTG,µ
1 ⊗ Fp)

syn. T    BTG,µ
n ⊗ Fp → BTG,µ

n−1 ⊗ Fp    

Γsyn(M1(g[1])), ,   (2)  C 8.5.6   ,  A 1-  BTG,µ
1 ⊗Fp. □

Remark 9.3.3. R 4.10.5     BTG,µ
n        µ.

Remark 9.3.4. T   BTG,µ
1 ⊗Fp → DispG,µ

1          

  R 9.1.3. O       BTG,µ
n ⊗ Fp → DispG,µ

n   n ≥ 1 

 n- (G,µ)-   n- (G,µ)-   p. F L [47]  [26],

                  n-   F.

Remark 9.3.5. I G     , BTG,µ
n    p-  A   O. T

, DispG,µ
1        [65, P 3.11]. S BTG,µ

1 ⊗ Fp   

 DispG,µ
1       ,       .

T      T 9.3.2          : I F   

 F -  R   1  H-T  0, 1,  Γsyn(F [1])     

 R. O ,             ΓFZip(F [1]),  F   

  F -,            .

I ,          

π0(BT
G,µ
n ⊗ Fp)

≃−→ π0(Disp
G,µ
1 ),

        π0(G⊗ Fp).

Remark 9.3.6. L BTG,µ,nilp
n → BTG,µ

n       R 8.8.14: T  

G-M        . O     

   L     . A n → ∞,       

        [17, §3.5].
I , R 8.8.14        W        

BTG,µ
∞ → DispG,µ

∞        . T,     

   B̈-P     .
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M   : L (A, ζ)    . T     ( R 9.1.3)

BTG,µ
n (RA) → WindG,µ

n,A(RA) → DispG,µ
n (RA)

R 8.7.5              . O 

         [16].

9.4. The case of trivial µ. W µ = 0     z → 1,    P−
µ = G,  T 9.3.2

   BTG,0
n   ́ p-    Zp   ́ .

Proposition 9.4.1. S  G  . T     

BTG,0
n

≃−→ BG(ZpnZ),

               G(ZpnZ).

P. S    Q ∈ BTG,0
n (R). C   Γsyn(Q)  CRp-nilpR  :

C → MBG(Csyn⊗ZpnZ)(GCsyn⊗ZpnZ,Q)

T    R 

SR×G,BTG,0
n ,Q SR,

     (G,Q)     BTG,0
n      ́  R.

W      ́ G(ZpnZ)-  R,      

BTG,0
n → BG(ZpnZ)(9.4.1.1)

T  ,               G(ZpnZ) → Γsyn(G)  ́

   .

B         κ R. H,  R 5.5.5  L 9.2.3,

    

BTG,0
n (κ) ≃ [G(∆κp

n∆κ) σ id G(∆κp
n∆κ)],

 σ : G(∆κp
n∆κ) → G(∆κp

n∆κ)     F . U    G 

L ,        

[∗G(ZpnZ)] → [G(∆κp
n∆κ) σ id G(∆κp

n∆κ)]

  . T   ,        (9.4.1.1)   . □

9.5. Special étale loci. I  ,           H ⊂ G 

 µ   HO,      BTH,µ
n → BTG,µ

n  DispH,µ
n → DispG,µ

n . W    

  :

LH + LP−
µ = LG ⇔ LU+

µ ⊂ LH

Proposition 9.5.1. U  :

(1) T  BTH,µ
n → BTG,µ

n  ́.

(2) S  P+
µ ⊂ H. T DispH,µ

1 → DispG,µ
1       

BTH,µ
n ⊗ Fp > BTG,µ

n ⊗ Fp

DispH,µ
1

∨
> DispG,µ

1

∨

 C. I , BTH,µ
n      BTG,µ

n .
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P. L    BTH,µ
n → BTG,µ

n  ́. B G-M ,     

  

B(H ∩ P−
µ ) → BH ×BG BP−

µ

 ́. L   ,         41

L(H ∩ P−
µ )[1] → (LH)[1]×(LieG)[1] (LP

−
µ )[1]

  . T       LH + LP−
µ = LG,     

.

N,  (2): S  F = (F ,F+,F−, η+, η−,α)         DispG,µ
1 . S

P+
µφ ⊂ H ,     H- FH   F+:         F .

U ,       DispH,µ
1  F     

  F−   H ∩ P−
µ -. H,   L     

F−(H ∩ P−
µ ) → FH

   . T   DispH,µ
1      DispG,µ

1 .

N,   BTH,µ
1 ⊗ Fp → (BTG,µ

1 ⊗ Fp)×DispG,µ
1

DispH,µ
1   ,      

DispH,µ
1        .

T ,        

BTH,µ
n+1 ⊗ Fp → (BTG,µ

n+1 ⊗ Fp)×BTG,µ
n ⊗Fp

(BTH,µ
n ⊗ Fp)

     n ≥ 1. B    T 9.3.2,   (. )    

Γsyn(M1(LH)[1]) (. Γsyn(M1(LG)[1])). T,       

Γsyn(M1(LH)[1]) → Γsyn(M1(LG)[1])

    BTH,µ
1 ⊗Fp   . I ,       Γsyn(M1(LGLH)[1])

    . N,   LP+
µ ⊂ LH   M1(LGLH)[1]    F -

 BTH,µ
1 ⊗ Fp  H-T  ≤ −1,      L 9.5.2 . □

Lemma 9.5.2. S  M    F -   1  R ∈ CRp-nilp  H-T  ≤ −1.

T Γsyn(M) ≃ 0.

P. B T 8.10.1, Γsyn(M)      A       

  (−1
Hdg M1)

∨. O    H-T         ,

     Γsyn(M)  ́  R. T     ,         

    κ. H,     Γsyn(M)(κ)       M
0−id−−−−→ M

 M      κ. T   H-T     0    p, 

  . T, Γsyn(M)(κ)    . □

Remark 9.5.3. H    : S  µ    Zp. T       P+
µ 

 . T   BT
P+

µ ,µ
n ⊂ BTG,µ

n   ordinary locus  BTG,µ
n ,   (2)  

           n- B-T    p

      1-    . I ,  T 11.3.3 , 

         . W         

           F -;  L 11.4.4.

Remark 9.5.4. S  G  ,        T  G    B B

 T . I   µ     (   B)   TO,      G

    ν  T   Zp. I        P+
ν ⊂ G 

  . T  ́    µ-ordinary locus,   [62]    

41The ber product involved here is the homotopy ber product.
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p-    . T           

  [55].

10. Explicit descriptions of BTG,µ
n (R)

I  ,   ,   -   I [38],     

   BTG,µ
n (R)        n- (G,µ)-   

 . A       ,   ,      

 .

W          F  [30],        

      [42]         

BTG,µ
∞ .

T      I  [38, §7].

10.1. An explicit description over some classical rings.

10.1.1. W        (  [46, §6]):

• (S, I ′ = (E))     ,   Zp,   F   : S → S;

• J ⊂ S         (J) ⊂ J2;

• W     S  J- ,   E  p   -   SJm 

 m ≥ 1.

F m ≥ 1,  Sm = SJm. T       Sm.

W               E 5.4.14: W 

I = (I ′) ⊂ S. F  m ≥ 1,   Sm       -   F•I′ Sm

  F F•I′ Sm → F•I Sm. S Rm
defn
= S(Jm + I) = SmF1I′ Sm  R = SI,    

R = ←−m
Rm.

R     Sm   S    S  RS = R. W   

  Sm+1 → Sm   m ≥ 1,  

S
≃−→ ←−

m

Sm

Proposition 10.1.2. T    

BTG,µ
n (Rm) → WindG,µ

Sm,n(Rm),

  

BTG,µ
n (Rm+1) > WindG,µ

Sm+1,n
(Rm+1)

BTG,µ
n (Rm)

∨
> WindG,µ

Sm,n(Rm)

∨

 C. I ,  

BTG,µ
n (R) ≃ BTG,µ

n (R1)×WindG,µ
S1,n(S1)

WindG,µ
S,n (R)
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P. F  m ≥ 1,      BTG,µ
n (Rm) → WindG,µ

Sm,n(Rm)   E 5.4.14

 P 6.10.3      ιSm
. W        

BTG,µ
n (Rm+1) > WindG,µ

Sm+1,n
(Rm+1) > BP

−,(n)
µ (Rm)

BTG,µ
n (Rm)

∨
> WindG,µ

Sm,n(Rm)

∨
> BP−,(n)(Rm)×BG(n)(Rm) BG(n)(Rm+1)

∨

(10.1.2.1)

      C    T 9.3.2 (    

 Rm+1 ↠ Rm),          C. T         

. T          m   

BTG,µ
n (Rm)

≃−→ BTG,µ
n (R1)×WindG,µ

S1,n(S1)
WindG,µ

Sm,n(Rm)

T         [9, C 1.5].

T   ,         R   F•I Sm+1:

Sm+1[u, t](ut− E)
u →Et−1,t →t−−−−−−−−→

≃



i

FiI Sm+1 · t−i

V  ,   σ : S Sm+1 → R(F•I Sm+1)      Sm+1-  

Sm+1[u, t](ut− E)
u →(E),t→1−−−−−−−−→ ∗Sm+1

S (J) ⊂ J2,     Sm[u, t](ut− E),    σ    

σ : S Sm+1 → R(F•I Sm)

T,      C   (10.1.2.1)     P 5.9.32.

T ,         BTG,µ
n (Rm) → BG(n)(Rm+1)      

    (10.1.2.1)       T 9.3.2. I ,    

   

S Rm+1 → S Sm+1
σ−→ R(F•I Sm)

ιSm−−→ RN
m

   

S Rm+1

x̃dR,Rm+1−−−−−−→ R∆
m

jHT−−→ RN
m

       Rm+1 ↠ Rm. T       . □

Example 10.1.3. L κ       p,     W  W (κ). W 

S = W (κ)[t1,    , tr]   n ≥ 0,       F   (ti) = tpi . T J = (t1,    , tn), 

   (J) ⊂ Jp. S  E  (E) ≡ Ep ( p),     S(E)  p- .

H, Rm = S((E) + Jm)  R1 = S((E) + J) = W (κ)(p) = κ,  S1      ∆κ. I

,  

BTG,µ
n (κ) = BTG,µ

n (R1) → WindG,µ
S1,n

(κ)

  ,       

BTG,µ
n (R)

≃−→ WindG,µ
S,n (R)

N        

BTG,µ
n (Rm)

≃−→ WindG,µ
Sm,n(Rm)

  m ≥ 1.

U R 5.5.9,         WindG,µ
Sm,∞(Rm): I Hµ     GS

 P−
µ ⊗ R,    ́   S,      τ : Hµ → GS     
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σ =  ◦ (E),     WindG,µ
Sm,∞(Rm)   Hµ-  Sm      G-

σ∗P ≃−→ τ∗P .

T   n = 1  E   E          B-K

. I  , R = S(E)         W (κ),  Rm = R(πm)  π ∈ R

      E.

T   (1)  [38, C 7.1.2].

Example 10.1.4. W   -N        S = ∆R   

 R, E = ξ    (θ : ∆R → R),  J = ([ϖ1], [ϖ2],    , [ϖm])      

T̈      ϖi ∈ R♭     . S  

 [ϖ1],    , [ϖm], ξ       W (R♭). T          

 S1 = ∆RJ ,  R1 = Rθ(J).

I  ,     BTG,µ
n (R) ≃ WindG,µ

S,n (R)  L 9.2.3. B P 10.1.2  

   

BTG,µ
n (R) ≃ BTG,µ

n (Rm)×WindG,µ
n,Sm

(Rm) WindG,µ
n,S (R)

S BTG,µ
n (R) → BTG,µ

n (Rm)    ,        

BTG,µ
n (Rm) ≃ WindG,µ

n,Sm
(Rm)

  m ≥ 1. T   (2)  [38, C 7.1.2]

I  — T 11.1.4 —   p-   Rm    

 I [38, T 6.3.6]    : R = OC          C, m = 1

 ϖ = ϖ1 ∈ OC♭     - . S R 11.1.9 .

Example 10.1.5. L S  J    E 10.1.3,     E = p,      

 (S, (p)). I  ,     

BTG,µ
n (κ[t1,    , tr]) ≃−→ WindG,µ

S,n (κ[t1,    , tr])×WindG,µ
S1,n(κ)

BTG,µ
n (κ)

B   S1     ∆κ,     . .   BTG,µ
n (κ) → WindG,µ

S1,n
(κ)   .

T    :

BTG,µ
n (κ[t1,    , tr]) ≃−→ WindG,µ

S,n (κ[t1,    , tr])

B R 5.5.9,           WindG,µ
S,∞(κ[t1,    , tr]): I

  Hµ- P  S     σ∗P ≃−→ τ∗P  G-. H, Hµ   

 GO  P−
µ ⊗ k  σ =  ◦ (µ(p)),  τ      .

10.2. Relationship with Faltings deformation rings. H         BTG,µ
∞

           ,     

F [30, §7]. C      I  [38],         . T,

,  F              AW (κ);

,  [37],    I         .

10.2.1. M      ,     I = (p);  ,   

     E 10.1.5. W      S  Sm,     

     S (. Sm)    . W      Sm+1 → Sm

  m ≥ 1,  

S ≃−→ ←−
m

Sm

I  ,   SmF1 Sm = Sm  SF1 S = S.
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L    R 5.5.10. I    WindG,µ

∞,Sm

(Sm)     : G  

      P−
µ - P ′  Sm     σ∗P ′ ≃−→ τ∗P ′  G-. H,

τ : P−
µ → GO      σ =  ◦ (µ(p)).

I  ,  

WindG,µ

∞,Sm

(Sm)
≃−→ WindG,µ

∞,Sm
(Rm)×BP−

µ (Rm)×BG(Rm)BG(Sm) BP−
µ (Sm)(10.2.1.1)

10.2.2. W     

BTG,µ
∞ (Sm) → WindG,µ

∞,Sm
(Rm)×BP−

µ (Rm)×BG(Rm)BG(Sm) BP−
µ (Sm) ≃ WindG,µ

∞,Sm

(Sm)

        

BTG,µ
∞ (Sm) → BTG,µ

∞ (Rm) → WindG,µ
∞,Sm

(Rm),

      xN
dR,Sm

. F P 10.1.2  G-M   BTG,µ
∞ ,

  ,   m ≥ 1,    C :

BTG,µ
∞ (Sm+1) > WindG,µ

Sm+1,∞
(Sm+1)

BTG,µ
∞ (Sm)

∨
> WindG,µ

Sm,∞(Sm)

∨

(10.2.2.1)

Remark 10.2.3. W p > 2,    G-M         

      . I p = 2,       m = 1.

10.2.4. L κ    ,        x ∈ BTG,µ
∞ (κ). W    

      AW (κ)  A  W (κ)-    κ:

Dx : AW (κ) → S

A → x(BT
G,µ
∞ (A) → BTG,µ

∞ (κ))

G-M     ,  A′ ↠ A   -   AW (κ),   

 C 

BTG,µ
∞ (A′) > BP−

µ (A′)

BTG,µ
∞ (A)

∨
> BP−

µ (A)×BG(A) BG(A′)
∨

U ,  :

Lemma 10.2.5. F  A ∈ AW (κ), Dx(A)     ,  Dx    S Rx 

Rx ≃ W (κ)[t1,    , td]  d = G− P−
µ .

10.2.6. W    F      . C   x′ ∈ BTG,µ
∞ (W (κ)),

      (       n- )    S1

      W (κ).

E,    : L Hµ     GO  P−
µ ⊗ k. U  

BTG,µ
∞ (κ)

≃−→ ←−
n

WindG,µ
n,∆κ

(κ),
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 R 5.5.9, x    Hµ- Px  W (κ),     σ∗Px
≃−→ τ∗Px 

G-  W (κ). T  x′       WindG,µ

∞,S1

(W (κ)), ,  R 5.5.10,  

  Hµ- Px   P−
µ - Px′  W (κ).

10.2.7. S Gx = A(τ∗Px)  P−
x = A(Px′),   Gx       W (κ)  G,  P−

x ⊂ Gx

     µx : Gm → Gx     µ,      §4.9.
F     ,        U+

x ⊂ Gx:    

    W (κ) ( L 4.10.2). W   RFal
x        U+

x

  :      W (κ)[t1,    , td]   W (κ)-.

W  RFal
x   F      p-   U+

x ,   Jx ⊂ RFal
x   

 :     (Jx) ⊂ Jp
x .

10.2.8. W             (S, I ′) = (RFal
x , (p))  J = Jx,

     :

x′(BTG,µ
∞ (RFal

x ) → BTG,µ
∞ (W (κ)))

≃−→ Px′ (WindG,µ
S,∞(RFal

x ) → WindG,µ
S1,∞

(W (κ)))

O           : L j : W (κ) → RFal
x    :  

     S1 → S,      Px′       Pcon
x′  S. M ,

    P−
µ - Pcon

x′  RFal
x ,      G- ξconx′ : σ∗Pcon

x′
≃−→ τ∗Pcon

x′ .

A              W (κ).

I U+
x (RFal

x ),      gx. W      PFal
x′    P−

µ -

Pcon
x′ ,   ξconx′    ξFalx′ = gx ◦ ξconx′ .

A  ,     xFal ∈ BTG,µ
∞ (RFal

x )  x′ ∈ BTG,µ
∞ (W (κ)),     

  Rx → RFal
x .

T    [38, C 7.2.2].

Proposition 10.2.9. T  Rx → RFal
x   .

P. L Ux (. UFal
x )      AW (κ)   Rx (. RFal

x ). I κ[ϵ]  

   ,      

UFal
x (κ[ϵ]) → Ux(κ[ϵ])

≃−→ (Px′ ,σ∗Px′ )(BP−
µ (κ[ϵ]) → BP−

µ (κ)×BG(κ) BG(κ[ϵ])),

        G-M .

T       ϵκ[ϵ] ⊗W (κ) LU
+
x ,          

 ϵN  (−ϵN) · Px′ . I ,       .

S          ,      N

. □

10.3. The case of central µ. S  µ    G. F ,      G   

 Zp. I  ,   P−
µ = G,   T 9.3.2   BTG,µ

n   ́ p-   

O.

10.3.1. W     BTG,µ
∞ (O)  -. O     Lubin-Tate (G,µ)-apertures.

T      P 11.7.6 .

B E 10.1.3,         WindG,µ
S,∞(O)  S = W (k)[u]  

     B-K    I ′ = (u− p).

I     ,   Hµ = G,          S1 

        G- Q  S     ∗Q ≃−→ Q.

C,   G-   ,        BTG,µ
n (O);     

             ,      S   

     S1.
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Remark 10.3.2. A,        BTG,µ
∞ (k)     

́  BTG,µ
∞   L-T (G,µ)-.

Remark 10.3.3. I           G-  Osyn. W µ 

  Zp,     

Zsyn
p → BGm

Bµ−−→ BG

      B-K .

N      L-T (G,µ)-  Zp. T        Zp 

      L-T     µp∞ .

Proposition 10.3.4. S  G  . T    - 

BTG,µ
n

≃−→ BG(ZpnZ)

 p-    S O. M , BTG,µ
n     S O   G(ZpnZ)  

- .

P. T        P 9.4.1. I    G-,     

L-T (G,µ)-  . □

10.4. The case of tori. A  ,      G = T   . H   

 P 10.3.4:

Proposition 10.4.1. BTT,µ
n   -  BT (ZpnZ)-  S O.

10.4.2. A  -,        (T, µ)  µ   O. T T0 = ROZp
Gm

 µ0 : Gm,O → T0,O   : W  T0,O ≃ h−1
i=0 Gm,O,  h = [O[1p] : Qp],  

       O-

O ⊗Zp
O ≃−→

h−1

i=0

O

a⊗ b → (ai(b))0≤i≤h−1

W   µ0        .

F   Zp- T   µ : Gm,O → TO,      

Gm,O
µ0−→ T0 = ROZp

Gm

ResOZp µ
−−−−−−→ ROZp

TO
NmOZp−−−−−→ T

   µ.

W   BTT0,µ0
∞  . T           L-

T O-  P 11.7.6.

Proposition 10.4.3. G  (T0, µ0)-  R ∈ CRp-nilpO        F 

Rsyn × S O    : F     κ  R,    F 

BGm × S(κ⊗Zp
O) ≃

h−1

i=0

BGm × Sκ

        1 
h−1

i=0 κ      1  i = 0   

 0  i > 0.

P. T              BT0 ≃ ROGm
BGm. N

    BT0(Zp)            ,    P-

 10.3.4   BT0(Zp)        R
syn×S O   

h−1
i=0 BGm×Sκ

   0   . □
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11. The classification of truncated Barsotti-Tate groups

11.1. The statement of the theorem.

11.1.1. R   n-truncated Barsotti-Tate group scheme     R ∈ CRp-nilp   

    G  R    :

(1) G  pn-;

(2) T  G
pn−1

−−−→ G
p−→ G     ;

(3) I n = 1,  RpR,   F = V ⊂ G⊗Fp,  F : G⊗Fp → (G⊗Fp)
(p)  V : (G⊗Fp)

(p) →
G⊗ Fp   F  V , .

S   [36, §I].
T     BT n(R),     BTn(R)      

  -. F 1 ≤ r ≤ n,  G  G[pr]    BT n(R) → BT r(R).

A            G [36]:

Theorem 11.1.2. T  R → BTn(R)  CRp-nilp       

0- p-  A    .

11.1.3. T    

BT n(R)
G →G∗
−−−−→ BT n(R)

  C ,  G∗ = H(G, lµ pn).

L V{0,1}(Rsyn ⊗ ZpnZ)   ∞-     Rsyn ⊗ ZpnZ  H-T 

0, 1. T      

V{0,1}(R
syn ⊗ ZpnZ) M →M∗

−−−−−→ V{0,1}(R
syn ⊗ ZpnZ),

 M∗ = M∨1           B-K  Osyn
n 1. I   

  BT n(R),     M∗   Cartier dual  M.

W         .

Theorem 11.1.4. S  R   CR. T       ∞-

Gn : V{0,1}(R
syn ⊗ ZpnZ) ≃−→ BT n(R)

  C ,     M ∈ V{0,1}(Rsyn ⊗ ZpnZ),     

Gn(M)∗
≃−→ Gn(M∗)

Remark 11.1.5. T      V{0,1}(Rsyn ⊗ZpnZ)    . T 
     ,     Rsyn ⊗ ZpnZ     .

Remark 11.1.6. W R  ,   n → ∞, T 11.1.4     

A̈  L B  [1]  p-   R      D́

  R ( [1, D. 4.10]). I,  R  ,   R 5.7.7,    

    .

N  ,           , 

       A̈-L B (    M)      

 Gn.

Remark 11.1.7. W R = κ[x1,    , xn],  E 10.1.5          §5.7,
   J  [21]  p-         k   

  - F• M  W (κ)[x1,    , xm]    F   xi → xp
i (

 [30, §7]). A ,  J      F -,       

   M    - ; ,    F [30,

T 10],     F,          

  .
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Remark 11.1.8. W R = OK         W (κ)     κ 

 π, ,     E 10.1.3  R ??,     

 p-    K (  p > 2  OK) [41], W. K (  p = 2  OK) [40],  L (

    OK  OKπm) [46].

Remark 11.1.9. S  R′    ,  J = ([ϖ1],    , [ϖm]) ⊂ ∆R′    

  E 10.1.4. I R = R′θ(J),   . .  R 10.1.3  T 11.1.4

  p-   R      ∆R′J - N    

∗N → N       R. I ,       

   p-     R′θ(J)n. T        L [43,

§5].

11.2. Height and dimension.

11.2.1. T height   n- B-T  G  R   Z≥0-   

 SR   G[p]   ph  R. T dimension d   Z≥0-    

 F ⊂ G[p]⊗ Fp   pd  RpR.

T      G,   

BTn =


d≤h

BTh,d
n ,

 p-  A ,  h    - , d   - 

  h,  BTh,d
n     n- B-T  G   h   d.

11.2.2. O  F -   ,   ∞-

Vh,d(R
syn ⊗ ZpnZ) ⊂ V{0,1}(R

syn ⊗ ZpnZ)≃

    M  Rsyn ⊗ ZpnZ   h  H-T  0, 1    

 RLpn- −1
Hdg M      d.

L    :

Lemma 11.2.3. C   

Vh,d(R
syn ⊗ ZpnZ) ≃−→ Vh,h−d(R

syn ⊗ ZpnZ)

11.2.4. F 0 ≤ d ≤ h,  µd : Gm → GLh        

µd(z) = (z, z,    , z  
d

, 1,    , 1  
h−d

)

A  ,     A  BTGLh,µd
n  Zp.

Proposition 11.2.5. F R ∈ CRp-nilp,       

BTGLh,µd
n (R)

≃−→ Vh,d(R
syn ⊗ ZpnZ)

P. O      L 9.2.3  P 5.6.8  9.2.2. □

Remark 11.2.6. V     L 11.2.3,       C  

∗ : BTGLh,µd
n

≃−→ BTGLh,µh−d
n 

W  :

Theorem 11.2.7. T       p-  A 

G : BTGLh,µd
n

≃−→ BTh,d
n
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         :

BTGLh,µd
n

G
≃

> BTh,d
n

BTGLh,µh−d
n

∗

∨
≃
G
> BTh,h−d

n 

G →G∗

∨

A  ,     T 11.1.4    .

P  T 11.1.4. T 11.2.7,   P 11.2.5,     ∞-

V{0,1}(R
syn ⊗ ZpnZ)≃ ≃−→ BTn(R)

  C . T     ∞-,      : F

M1,M2  V{0,1}(Rsyn ⊗ ZpnZ),     M1 → M2       

M1 M2
≃−→ M1 M2            M1  M2.

A     G1  G2  BT n(R). □

Remark 11.2.8. C  R 9.3.6,         Z  L -

   p-  (, p-  )  W   [70, 47]

    .

11.3. From F -gauges to Barsotti-Tate groups. S   R ∈ CRp-nilp M  V{0,1}(Rsyn⊗
ZpnZ).

11.3.1. S Gn(M) = Γsyn(M). T  T 8.10.1 Gn(M)      -

 R      OGn(M) ⊗R −1
Hdg M [1]. M ,   r ≤ n, 

Mr
defn
= M


Rsyn⊗ZprZ ; Gr(M) = Γsyn(Mr)

11.3.2. B  M      

0 → ZprZ a →pn−ra−−−−−−→ ZpnZ → Zpn−rZ → 0,

      P(Rsyn ⊗ ZpnZ):

Mr → M → Mn−r

T       

RΓsyn(Mr) → RΓsyn(M) → RΓsyn(Mn−r)(11.3.2.1)

 MZpnZ-    R.

Theorem 11.3.3. S  R     M   Vh,d(R
syn ⊗ ZpnZ),  Gn(M)   

 B-T    R   h   d. I ,   n ≥ 1,  

    p-  A 

Gn : BTGLh,µd
n → BTh,d

n 

M,  r < n,          B-T  

0 → Gr(M) → Gn(M) → Gn−r(M) → 0

       (11.3.2.1).

P. L       n = 1,       R   Fp-. H,  

  F - M  M,        :
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(1) A   R- M     F0Hdg M ⊂ M  Fconj1 M ⊂ M  -

 d  h− d, ;

(2) I

ξ1 : Fconj1 M
≃−→ ∗(MF0Hdg M) ; ξ0 : conj0 M = MFconj1 M

≃−→ ∗ F0Hdg M

N,   

G(M) = τ≤0RΓFZip(M) : CRR → McnFp

U ,  

G(M)(C) = m ∈ C ⊗R F0Hdg M : ξ0(m) = ∗m,

 M
m →m−−−−→ conj0 M     . V m → ξ0(m)    ξ0 : F0Hdg M → ∗ F0Hdg M ,

    

G(M) = (V((F0Hdg M)∨)
ξ0−F−−−→ V((∗ F0Hdg M)∨)),

  G(M)   C           R   ph−d.

B T 8.10.1,    C 7.2.3,       G1(M) → G(M)  

            1   G(−1
Hdg M,M),    pd.

T,           

0 → G(−1
Hdg M,M) → G1(M) → G(M) → 0(11.3.3.1)

I ,    G1(M)     R   ph.

W        R ∈ CRp-nilp  n ≥ 1. T    (11.3.2.1)

     

Gr(M)
≃−→ cn (Gn(M) → Gn−r(M))(11.3.3.2)

 McnZpnZ-    R.

I R = κ     ,   ,       r  

Gn(M)(κ)    . T,      Y = Gn(M)   Gn(M)  -

   R

Lemma 11.3.4. S  Y     -    R ∈ CR  

 0. S S = SR. T    :

(1) Y    R;

(2) Y ⊗R π0(R)       π0(R);

(3) F  x ∈ S(κ)  κ  , x∗Y → Sκ     ;

(4) F  x ∈ S(κ)  κ  , π0((x
∗Y )(κ))    .

P. S Y  -    0, ́   Y        

      An
R  R         n  f1,    , fn. I

R  ,          R        R[x1,    , xn]
L(f1,    , fn)

    . T             R. S

      -    ,    (1)  (2)  .

I R = κ     ,  π0((x
∗Y )(κ))        Ycl

 0-      κ. W    κ[x1,    , xn](f1,    , fn)  0- 

 f1,    , fn    . T     (3)  (4).

T     (1)  (3),           M ∈ MR 

  R       -       R  . □

N,     (11.3.3.2) ,   ,     r   n − r,

    




Gn(M)

pn−r

−−−→ Gn(M)


= Gr(M) = 


Gn(M)

pr

−→ Gn(M)


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I ,   r, Gn(M)   Gr(M)-  Gn−r(M). A      Gn(M)

       R      ZpnZ-. N       

  .

I     ,  n = 1, G1(M)   B-T   h   d. F

    ,    G1(M)    B-T  ,     ,

́   SR, M     V(Rsyn ⊗ Zp2Z)  T D  P 11.2.7.

T       G1(M)   d. O ,     n = 1   R  

Fp-. L F : G1(M) → G1(M)(p)   F    V : G1(M)(p) → G1(M)   V.

T,   V  G(M)    ( C    F   

   ),  

V ⊂ G(−1
Hdg M,M) ⊂ F

S     ,           ,    d 

R  . □

11.4. Cartier duality. L On      Rsyn ⊗ ZpnZ. W       ,

    B-L:

Proposition 11.4.1. W   

Gn(On)
≃−→ ZpnZ ; Gn(On1) ≃−→ lµ pn

 BTn(R).

P. U ,      [10, T 8.1.9],    

 [10, T 7.5.6]

W           . A        

, Gn(On) (. Gn(On1))   n- B-T    R,  1   0

(.  1).

W    R = ZpmZ   m ≥ 1. N  Gn(On)  ́  ZpmZ,      

 ZpnZ → Gn(On)      Fp. T       ZpnZ → On.

F     B-K ,   Gn(On1)    . O ,   

    lµ pn → Gn(On1)      Fp. I ,    

    ́  ZpmZ,     m = 1. I  ,   ,  

     

lµ pn(C) → (F1 ∆Cp
n)=p = Gn(On1)(C)(11.4.1.1)

  Fp- C. T      ∆C
≃−→ Acrys(C)  (6.9.5.1),   

 α ∈ lµ pn(C)      ([α̃]p
n

) ∈ Acrys(C),  α̃ ∈ C♭     α  [α̃]  

T̈ ;  [10, §7.1].
T ,         (11.4.1.1)      Fp- C. I ,  

  ,  C = Fp[x
1p∞

](x)  n = 1,   ([1 − x]) ∈ Acrys(C)     p. B

  (   (37)  [10, . 168]):

([1− x]) ≡ −
p

d=1

[x]d

d
( p)

T        -,        

x+
x2

2
+   +

xp−1

p− 1
+ (p− 1)! · x[p] ∈ Fp⟨x⟩

     Fp-  -.

□



CONJECTURES OF DRINFELD 125

Construction 11.4.2. F    M  Rsyn ⊗ ZpnZ  H-T  0, 1,   

   

Gn(M∗) → Gn(M)∗(11.4.2.1)

T    : F  x : R → C,  

Gn(M∗)(C) ≃ MQCoh(Csyn⊗ZpnZ)(x
∗M,On1),

        

Gn(M∗)(C) → H(Gn(x
∗M),Gn(On1)) ≃ H(x∗Gn(M), lµ pn) ≃ Gn(M)∗(C)

H,    P 11.4.1    .

Theorem 11.4.3. T  (11.4.2.1)   .

P. L           P 11.4.1: T   

   M      Oh−d
n  On1d.

D   (11.4.2.1)  αn,        n- B-T    

 p-    BTGLh,µd
n      . T    n  

  α∞  p-   BTGLh,µd
∞ . W     α∞   :   

 BTGLh,µd
∞ → BTGLh,µd

n       .

LR       BTGLh,µd
∞ ⊗Fp         κ ( L 10.2.5):

    κ[t1,    , td(h−d)]     . I         α∞
 S R   . B [21, L 2.4.4],        p-  

SR. T       —  L 11.4.4 —   

   . T,    [20, C 1.2]—   — 

     . □
Lemma 11.4.4. L P+

µd
⊂ GLh       µd.

42 T,   n ≥ 1:

(1) BT
P+

µd
,µd

n → BTGLh,µd
n         F - M   ́

      Oh−d
n  On1d.

(2) T 

BT
P+

µd
,µd

n > BTGLh,µd
n

BT
P+

µd
,µd

1

∨

> BTGLh,µd

1

∨

 C.

P. T        -     n- B-T 

   .

G    BTGLh,µd
n ( R 9.3.5),       P-

 9.5.1. T               BT
P+

µd
,µd

n ,   

   . □
Remark 11.4.5. T   T 11.4.3        J  [20]    

   [21]            D́   B-B-

M [5]   DVR   p. T           

 αn.

11.5. From Barsotti-Tate groups to F -gauges.

42Explicitly, it consists of the upper triangular invertible matrices with respect to the decomposition Zh
p = Zd

p ⊕ Zh−d
p .
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11.5.1. L R  p-, p-   p-    Fp-. T  

     R → R′  R′ ,    ∆R′  p-    .

I ,    RN ⊗ ZpnZ  Rsyn ⊗ ZpnZ   .

L

ϵn : (Rsyn ⊗ ZpnZ) → Rqsyn

    ()      C → Csyn⊗ZpnZ  p- R-. H, 

   (.    )        -   Rsyn ⊗ ZpnZ (. 

 p-   S R).

W   On       (Rsyn⊗ZpnZ),  On1        On.

11.5.2. F G ∈ BTn(R), 

M(G) = H(Rsyn⊗ZpnZ)fl(ϵ
−1
n G∗,On1)

         H   (Rsyn ⊗ ZpnZ). N   

M(G)     On.

T  ,       n   G    Gn. T    

      A̈-L B [1],    (    ,    

   C )    M [60]:

Proposition 11.5.3. (1) M(G)      On    F -  V{0,1}(Rsyn⊗ZpnZ).
(2) T 

M : BTn(R) → V{0,1}(R
syn ⊗ ZpnZ);

G : V{0,1}(R
syn ⊗ ZpnZ) Theorem 11.3.3−−−−−−−−−−→ BTn(R)

   .

(3) T   → G ◦M   .

(4) T     M(G∗)∗ → M(G).

P. M            [60, §3].
F  (1),          R  . H,     [60,

P. 3.56, 3.80, 3.81].

F   ,  G ∈ BT n(R)  M ∈ V{0,1}(Rsyn ⊗ ZpnZ),    :

HOn
(M,M(G)) ≃ HOn


M,H(Rsyn⊗ZpnZ)fl(ϵ

−1
n G∗,On1)



≃ H(Rsyn⊗ZpnZ)fl

ϵ−1
n G∗,HOn

(M,On1)


≃ HRqsyn


G∗, ϵn,∗HOn

(On,M∗)


≃ HRqsyn
(G∗,G(M∗))

≃ HBT n(R)(G
∗,G(M)∗)

≃ HBT n(R)(G(M), G)

H,    ,    T 11.4.3.

F  (3),      G ∈ BTn(R). W  :

G(M(G))(R) ≃ HOn
(On,M(G))

≃ HBT n(R)(G(On), G)

≃ HBT n(R)(ZpnZ, G)

≃ G(R)

H,    ,    P 11.4.1. S      R

   p- R-,  (3)   .
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F,     (4): W 

HOn
(M(G∗)∗,M(G)) ≃ HBT n(R)(G(M(G∗)∗), G)

≃ HBT n(R)(G(M(G∗))∗, G)

≃ HBT n(R)((G
∗)∗, G)

≃ HBT n(R)(G,G)

H,      (2),    T 11.4.3      (3). T

   G            (4).

T            ,   M1 = M(G∗)∗ 

M2 = M(G):

Lemma 11.5.4. S  M1  M2    F -   n  R  H-T 

0, 1. S N ∗ = N∨1    F - N :    -   ∞-  

F -  H-T  0, 1. S  f : M1 → M2     

Γsyn(f) : Γsyn(M1) → Γsyn(M2) ; Γsyn(f
∗) : Γsyn(M∗

2) → Γsyn(M∗
1)

      R. T f   .

P. S N = (f);     Γsyn(N )(C) = 0   C ∈ CRR. S, Γsyn(N ∗[−1])(C) = 0

  C ∈ CRR. T 8.10.1    ,  F•Hdg N  F•Hdg N
∗     

 R   N  N ∗    xN
dR,   

−1
Hdg N ≃ 0 ≃ −1

Hdg N
∗ ≃ (F0Hdg N)∨

S N  H-T  0, 1,    iHdg N ≃ 0   i,    F•Hdg N ≃ 0.

T   N ≃ 0: T  ,     R  ,       

   

π0(∆R
L(p, I)) → π0(RL(p, I))

  ;          P 4.12.3. □

□

W      T 11.2.7

P  T 11.2.7. W    P 11.5.3      M : BTh,d
n → BTGLh,µd

n 

  G  T 11.3.3. I,  T 11.1.2, BTh,d
n  ,      K 

    p-  Zp-. T  ,     M     

    G,        ,      .

F   ,  ,   M ∈ BTGLh,µd
n (R),     F - M → M(G(M)).

T      ,          .

F ,         R  p-. N,     

        C  F -

M∗ → M(G(M∗)) ≃ M(G(M)∗),

     T 11.4.3. T C     

M(G(M)∗)∗ → M

  

M(G(M)∗)∗ → M → M(G(M))

      (4)  P 11.5.3   G = G(M). A,  

 C    ,      L 11.5.4.

T   M → M(G(M))   ,             

 Rsyn ⊗ ZpnZ,         . □
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Remark 11.5.5. W  ,   ,       

: I ,                 D́

    DVR   p     . T     [6,

§4.1]    ()     T 11.4.3.

I                .

T  ,               [1].

I ,       G,       ,        

. I ,  ,    P 11.5.3     R   Fp-. I

 ,     (1)         [5]   

      p. F        

     [1]  [60],            , 

  p.

A,    G-M        — 

   R 11.7.5 —      G     

    . T      D́     

, ,  [31]. H,              

    F,   W .

I ,                 

  L [44]. T             

B-T ,        G .

A                   J [21].

Remark 11.5.6. C  T G,    BTh,d
n    G-M  -

 . T             F [29, T 17],  

          F.

11.6. A polarized variant. I  , R      p-    CR.

Denition 11.6.1. S  G      pn-    R. T,  

ZpnZ-  L  SR,    G⊗L          

     :           ́ .

A     G ⊗ L    H  H(L∨, G)      .

T  :

Observation 11.6.2. W     (G ⊗ L)∗ ≃ G∗ ⊗ L∨,  ∗   C 

 ,  L∨     .

Denition 11.6.3. F   g ≥ 1. A principal quasi-polarization  G ∈ BT2g,g
n (R)    

  :

(1) A  1 ZpnZ-  L  S R;

(2) A  λ : G
≃−→ G∗ ⊗ L    

G∗ ≃−→ (G⊗ L)∗ ⊗ L
λ∗⊗1−−−→ G∗ ⊗ L

   −λ.

W     (G,L,λ)  principally quasi-polarized n-truncated Barsotti-Tate group ( 

2g),         BT2g,qpol
n (R).

A principal polarization on G    (G,L,λ)       : É

  S R,     (G̃, L̃, λ̃)  BT2g,qpol
n+1 (R). W     principally polarized

n-truncated Barsotti-Tate groups   BT2g,ppol
n (R)      .
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Remark 11.6.4. I  —   [64]  [18]—       -

  p-        (    n),   L  

  .

A  ,        n = 1  [61, §2.6],   D́ ,   

    :           . T  

  ,   -     . W     

  - ,      P 11.6.6 . S  R 11.6.7.

11.6.5. L GS2g       Zp      

 Zp   2g,   µg : Gm → GS2g       L ,  

      GS2g      (GS2g, µg) → (GL2g, µg). N   

   ν : GS2g → Gm = GL1  ν ◦ µg = µ1. T   

(GS2g, µg) → (GLg ×Gm, µg × µ1)

B P 10.4.3     O = Zp,    BTGm,µ1
n       F -

   L01,  L0     F -  H-T  0,    ZpnZ-
 L = Γsyn(L0)   1  S R. W           

 B(ZpnZ)×.

Proposition 11.6.6. T       p-   A   Zp

     :

BT
GSp2g,µg

n
≃

> BT2g,ppol
n

BTGL2g,µg
n × BTGm,µ1

n

∨

≃
> BT2g,g

n ×B(ZpnZ)×

(G,L,λ)→(G,L)

∨

P. A        Zp
43,          p-

   R. S Rsyn ⊗ ZpnZ    ,   ,    BT
GSp2g,µg

n (R)

     (M,L,), :
• M   BTGL2g,µg

n (R);

• L   BTGm,µ1
n (R);

•  : ∧2M → L        F -

f : M ≃−→ M∨ ⊗ L
H,    ∧2M         Rsyn ⊗ ZpnZ,   

  M⊗M    .

N  f      

M ≃−→ (M∨ ⊗ L)∨ ⊗ L
f∨
ψ⊗1

−−−→
≃

M⊗ L

   −f. W p > 2,    f        .

I ,     : S  f : M → M∨ ⊗ L      

f̃ : M̃ ≃−→ M̃∨ ⊗ L̃
   F -   n+1   -  . T f = f    

 : ∧2M → L. T  ,    Zpn+1Z- A,  2-  a ∈ A   0  ZpnZ

43For BT2g,ppol
n , this is a well-known result, for which we could not nd a specic reference, though one should certainly be able

to extract it from the results of Faltings in [29, §7]. In any case, the argument shows an unconditional result for smooth inputs, and so

at least yields a canonical map BT
GSp2g ,µg
n → BT2g,ppol

n , which is an equivalence as soon as we know the smoothness of the target.
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(      p!). C,  f = f   ,      BT
GSp2g,µg

n+1 → BT
GSp2g,µg

n

      ́     n+ 1.

N, L ≃ L01   L0  H-T  0    ZpnZ-  L   1. T,

 

M∨ ⊗ L ≃ M∗ ⊗ L0

M,     

G(M∗ ⊗ L0)
≃−→ H(L∨,G(M)∗),

         T 11.1.4.

T 11.2.7             (M,L, f ′)  (G,L,λ′),
 (M,L)  (G,L)   ,  f ′ : M ≃−→ M∨ ⊗ L  λ′ : G → G∗ ⊗ L  . A

 ,       ()  BT
GSp2g,µg

n (R)        , ́ 

 S R,    (M̃, L̃, f̃)   n+ 1. W       BT2g,ppol
n (R). □

Remark 11.6.7. F C             H 

L [53, §3],     -    p = 2. M ,   

   G    R,   ( D 3.2.5  . .)    A
(2)
G 

 2-  G        S
(2)
G     G×G → Gm, 

      2    R. W       G     A
(2)
G 

    -.

N,   R  p-   G   n- B-T     F -

 M ∈ BTGL2g,µg
n ;  F defn

= (∧2M)∨1  H-T  −1, 0, 1. T,  T 8.10.1,

Γsyn(F)       R,           

  F - ∧2M → On1.
W          A

(2)
G .

Remark 11.6.8. H    : H  L  ,   d ≥ 2,    

 d- A
(d)
G ,    [53, T 3.5.1] ,  G   n- B-T 

  h   1,  A
(d)
G     n- B-T   


h
d






h−1
d


. T       ,       ,

(∧dM)∨1     F -   n  H-T  0, 1  

h
d


 

h−1
d


.

11.7. The crystalline and de Rham realizations. S  R     CRp-comp. G 

F - M  BTGLh,µd
∞ (R),    p-  G defn

= G(M)  R   h   d, 

  D́   [5]    C  G∗      D(G∗) 
     (RZp)crys        pZp ⊂ Zp.

O   , R 6.8.2    M           ()

   R. I ,      (RZp)crys       

D(M)  (RZp)crys.

Theorem 11.7.1. T     D(G∗)
≃−→ D(M).

P. T         [1, §4.3]. H   .
S BTGLh,µd

∞  -,        p-  R. R R 

RpR       ,      R    Fp-.

L (RZp)crys,pr       SR         p-

:         L [44]     [1, §4.3]. T     

ucrys : S ((RZp)crys,pr) → S(Rpr)
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    D́   [5]       E

D(G∗) ≃ ←−
n

E1((ucrys)−1G∗[pn],Ocrys),

 Ocrys      (RZp)crys,pr.

T     ,           P-

 11.5.3. T   M   

←−
n

H(G∗[pn],∆ Lpn) ≃ ←−
n

E1(G∗[pn],∆ )

H,     H ( E)       SR,  ∆   — 

 p- —   R′ → ∆R′    R-. T  

  ∆    p-     ,  G∗[pn]      pn.

T , ,                

Rucrys
∗ Ocrys

≃−→ ∆ 

I         R-. H,      R 6.9.5: F

  R- R′,      ∆R′ ≃ Acrys(R
′). O   , θR′ : Acrys(R

′) → R′

       (-)   (R′Zp)crys,pr. □

11.7.2. L P−
h,d ⊂ GLh        µd,   BP−

h,d 

   F• V 

 i V =





d  i = −1;

h− d  i = 0;

0 

C   

BTGLh,µd
∞ → BP−

h,d,

      n     T 9.3.2.

T    F - M  BTGLh,µd
∞ (R)    p-  R    

R- F•Hdg M .

11.7.3. O   ,      

0 → G∗ → D(G∗)(R) → L(G) → 0(11.7.3.1)

   R-,  G∗ (. L(G))   h− d (. d);  C 3.3.5  [5].

Proposition 11.7.4. T      R- M
≃−→ D(G∗)(R)  

F0Hdg M
≃−→ G∗ ; −1

Hdg M
≃−→ L(G)

P. W   D(G∗)(R)       R-    −1, 0. F 

,           BTGLh,µd
∞  BP−

h,d,       

  .

B     -   ,        Fp- R. T

       T 11.7.1,       .

T H     D́    (   ) 

F0 D(G∗) ≃ ←−
n

E1((ucrys)−1G∗[pn],Jcrys),

 Jcrys        Ocrys → (ucrys)−1Ga. W     

  R
id−→ R,       (11.7.3.1).
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F,      P 11.5.3      M  RN

    F•N ∆R- F• M    : W 

Fi M = ←−
n

H(G∗[pn],Fi+1
N ∆ Lpn) ≃ ←−

n

E1(G∗[pn],Fi+1
N ∆ )

T   F•Hdg M      -    F•N ∆R → F•triv R
T , ,               

Rucrys
∗ Ocrys

≃−→ ∆ ; Rucrys
∗ Jcrys

≃−→ F1N ∆ 

W     . T         § 6.11: F   R-

R′,  R′
0 = R

′,♭      R′      IR′
0
⊂ W (R′

0) = ∆R′
0
. T  

 

FiN ∆R′ ≃ x ∈ Acrys(R
′) : (x) ∈ IiR′

0
Acrys(R

′) ⊂ Acrys(R
′)

O   , F1N ∆R′       θR′ : Acrys(R
′) → R′ (   [10, P

5.3.6]). □

Remark 11.7.5. C T 11.7.1  P 11.7.4    G-M

  ,     T 11.1.4,   G-M   

 F -  H-T  0, 1     T 9.3.2  8.11.1.

Proposition 11.7.6. L O  (T0, µ0)    § 10.4. T,   ,  p- O- R

 CR, BTT0,µ0
∞ (R)        L-T  O-  R   h

  1.

P. I  -     L-T  O-   h   1  

  - ́   S O          T0(Zp),  

    L-T  O-  S O.

T,         p- ́ O- R. H,   

  P 10.4.3,        : G F    , 

L  L(G(F))  G(F) = Γsyn(F)   1,      O⊗Zp
O   L  

    O → R. T    P 11.7.4. □

Remark 11.7.7. M , T 11.2.7         p-  

 EL    K        - .

11.8. The étale realization. F ,         M.

11.8.1. L R    . T B        [8, C 6.3.1]

Tét : P(R
syn) → Db

lisse(S(R)adη ,Zp)

            Zp-      S(R)η
defn
=

S(R[1p], R).

I ,  M ∈ Vsyn{0,1},n(R),       Rsyn,     Tét(M) 

   . O   ,        pn-   G
defn
= G(M)

 R,       Gad
η ,            Zp-. T

    [60, P 3.99];   [1, P 5.25].

Proposition 11.8.2. T     Tét(M)
≃−→ Gad

η .
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Appendix A. Some completeness results

A.1. Tannaka duality. W       B  H-L [9, T 5.1, L

3.13] (     S 2     [33, P 5.1.13]).

Theorem A.1.1 (T ). S  X    N A n-  -

 ; ,     S,      ∞-

M(S,X)
f →f∗
−−−−→

≃
Fc⊗(APcn(X),APcn(S))

H               . I , 

S′ → S             ∞-

APcn(S)
≃−→ APcn(S′),

   

M(S,X) → M(S′, X)

  .

A.2. Completeness.

Proposition A.2.1. S  R    N      m. T,  

      A  X → BGm × SR  - , 



MBGm×SpecR(BGm × SR,X ) → ←−
m

MBGm×SpecR(BGm × SRmm,X )

  .

P. W   X     X
defn
= Xcl. B T A.1.1,      

    

APcn(BGm × SR) → ←−
m

APcn(BGm × SRmm)

  . □

Proposition A.2.2. S    R ∈ CR        

A  X → A1Gm × SR  - . T   N B ∈ CR,R  



MA1Gm×SpecR(A1Gm × SB,X ) → ←−
n

MA1Gm×SpecR((A1Gm)(tn=0) × SB,X )

  .

P. O ,    X    ,         

APcn(A1Gm × SB) → ←−
n

APcn((A1Gm)(tn=0) × SB)

  .

T            B     , 

      F• M  Fi M ≃ 0  i  . □

Lemma A.2.3. L M•         -    

B•. W

M• = B0 ⊗B• M•

   -  M•. T M•    ,    

Fwt
• M•  GMB• 

wt
−i M• ≃ B•(−i)⊗B0

M i
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P. O        ,     : I, 



M• → (Fwt
−i M• → M•)

      ≤ (i− 1).

T   ,        . W      

 B•-      B•- M• → 
i B•(−i) ⊗B0

M i,  

     

AP((SB•)Gm) → AP(BGm × (SB•)Gm)

    

BGm × (SB•)Gm → BGm × SB0 → (SB•)Gm

H,          (SB•)Gm → SB0,     

     B• → B0. T           

AP((SB•)Gm) → AP(A1
+Gm × (SB•)Gm)

    

AP(A1Gm × (SB•)Gm) → AP((SB•)Gm)

     GmGm × (SB•)Gm → A1
+Gm × (SB•)Gm     -

   .

I       AP    Mcn. H,     

(  ,         ),     Mcn 

V.

T      [32, T 2.44]. S        , 

 a, b ∈ Z   Mk ≃ 0  k ∈ [a, b]. W    Mk ≃ 0  k > b     

Mb → M b   . T  ,       

B≤−1 ⊗B• M• → M• → M•,

              ≤ b − 1. T    

       [32, L 2.45].

T        b− a. W     Mb
≃−→ M b    



B• ⊗B0
M b(−b)

≃−→ B• ⊗B0
Mb(−b) → M•

  M ′
•     < b. G -  B0    

M b(−b) → M → M
′
,

   M i
≃−→ M

′
i  i ≤ b− 1  M

′
i ≃ 0  i > b− 1. I ,  a = b,  M

′ ≃ 0,  

         M ′ ≃ 0. T       .

F   ,     M ′
•     Fwt

• M ′
• 

wt
−i M

′
• ≃ B• ⊗B0

M
′
i(−i) ≃ B• ⊗B0

M i(−i)

 i ≤ b− 1.

W       M•  

Fwt
−i M• =


0  i > b

Fwt
−i M

′
• ×M ′

• M•  i ≤ b

□
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Proposition A.2.4. S  B•   -       X → Y defn
=

S(B•)Gm         A   - . T

  

MY(Y ,X ) → ←−
m

MY(S(B≥−m)Gm,X )

  .

P. W   X    ,   N ,     

X   -  Y    Y → Y ′         N 

X ′ → Y ′  - . T,     T A.1.1     

APcn(Y) → ←−
m

APcn(Ym)

  ,  Ym = (SB≥−m)Gm.

L     :     ,  M•, N•     ,   

MB•(M•, N•) → ←−
m

MB≥−m
(B≥−m ⊗B• M•, B≥−m ⊗B• N•)

≃−→ ←−
m

MB•(M•, B≥−m ⊗B• N•)

≃−→ MB•(M•, ←−
m

B≥−m ⊗B• N•)

 . T        

N• → ←−
m

B≥−m ⊗B• N•

  . U L A.2.3,        N• ≃ B• ⊗B0
N ′,  N ′   

    B0-. T     

B• ⊗B0
N ′ → ←−

m

B≥−m ⊗B0
N ′

  . C --,        N ′ ≃ B0,    

.

F  ,              

(M
(m)
• )m      B≥−m- M

(m)
• . W     M• = ←−m

M
(m)
•  

    B•-,     -  B≥−m  M
(m)
• . O ,

 L A.2.3,               (B≥−m ⊗B0
M)m 

      B0- M . H,    . □

Denition A.2.5. S  X → Z       BGm. W    X  graded

integrable ,   -   B•  ,     Y defn
= (SB•)Gm → Z  BGm,

   P A.2.4    - X ×Z Y → Y .

A.2.6. S  F• S   -       F• I ⊂ F• S  

     :

• Fi S     i ∈ Z;
• Fm I = 0  m ≤ 0;  ,   F1 I → F1 S → S   .

C   J ⊂ R(F• S)   R   

J =

∞

i=1

Fi I · t−i ⊂


i∈Z
Fi S · t−i = R(F• S)
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T    ,  ,   m ≥ 1,      R(F• S)Jm:  

       F•(m) S  S 

Fi(m) S = Fi S






k1++km=i

ki≥1

(Fk1 I ⊗S · · ·⊗S Fkm I)


 

Proposition A.2.7. S           A  X → Z)

 - . T   

MZ(Z ,X ) → ←−
m

MZ(R(F•(m) S),X )

  .

P. A ,     

APcn(R(F• S)) → ←−
m

APcn(R(F•(m) S))

  ,            Fi S → Fi(m) S   

  i < m. □

Denition A.2.8. S  X → Y       A1Gm. W    X  ltered

integrable ,    (F• S,F• I)    ,     Z defn
= R(F• S) → Y

 A1Gm,    P A.2.7    - X ×Y Z → Z.
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