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Group Cohomology
G-modules

Let G be a group, written multiplicatively and A be an abelian group, written addi-
tively. We say that G acts on A if there is a group homomorphism

p: G — Aut(A)

Definition 1. An abelian group A is said to be a G-module if G acts on A.



But, then how it is a module and what is even the base ring here? Well, to answer
that, consider the set Z[G] of formal sums of the form

ang ng € Z

geG

The sum and product on the set Z[G] is defined as follows

Z ngg + Z mgyg = Z(ng +myg)g

9eG geG geG
ang ‘ E myg | = E ngmu(gh)
geG geG geG

heG

Thus the ring structure in Z[G| is clear. We define the left-multiplication with ele-
ments from A by elements from Z[G] as follows

>_ngg | a= ) ny(ga)

geG geG

ga is the action of g on a. Since A is an abelian group, > con4(ga) € A. This
makes A into a Z[G]-module.

Definition 2 (G-module homomorphism). Let M, N be G-modules. A G-module
homomorphism is a group homomorphism ¢ : M — N such that p(gm) = gp(m)
for allm € M.

here gm denotes the action of g on m and gyp(m) denotes the action of g on ¢(m).
For a G-module A, let A% be the abelian group of G-invariant points, i.e.

A ={acA:ga=aVgeG}

[t can be easily verified that if f : A — B is a G-module homomorphism then, then
f restricted to A% maps to B and hence we get a group homomorphism f : A¢ —
BY. The assignment A — A% defines a functor from the category of G-modules to
the category of abelian groups. This functor is left exact but not right exact, i.e. for
any shot exact sequence of G-modules

0—A—A—A"—0

Then the following sequence is also exact
0 — A — (ANY — (ANC
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But, not necessarily the map (A)¢ — (A”)¢ is not necessarily surjective. An
example is as follows, consider the short exact sequence

0 — Z/pZ — 7)p*7 — Z./pZ — 0

of Z/pZ-modules, where Z /pZ acts on the middle factor by the rule g(a) = a(1+pg).
Then the map (Z/p?Z)%/P"2 — (Z/pZ)%/P" is the 0 map but (Z/pZ)%/P* is non-
trivial. Therefore this functor is not right exact.

Injective G-modules

Definition 3 (Injective G-module). A G-module M is said to be injective if for
every inclusion A C B of G-modules and G-module homomorphism ¢ : A — M,
there exists a G-module homomorphism 1 : B — M such that ¥|4 = .

We prove the key theorem here.
Theorem 1. Every G-module A can be embedded into an injective G-module.

Proof. We will need the following two lemmas:

Lemma 1. Let G be the trivial group. Then every abelian group is a G-module. An
abelian group A is injective if and only if A is divisible, i.e. the map x — nx is
surjective for all n € N.

Proof. Let A be injective. Let, if possible, A be not divisible. Then, there exists n > 1
and y € A such that nz # y for any x € A. Consider the map Z — A given by
m +— my. Then this is a G-module homomorphism as it is a group homomorphism.
But since y # nx for all x € A, the map (m +— my) can’t be extended to %Z, but
7 C %Z is an inclusion of abelian groups. A contradiction!

Conversely suppose, A is divisible, 7.e. the map x + nx is surjective for all n €
N. Let M C N be an inclusion of abelian groups and ¢ : M — A be a group
homomorphism. Then consider the set S of pairs (M, ¢") where M C M’ C N and
¢+ M' — A a group homomorphism such that ¢|4 = . This set is nonempty
since (M, @) € S. We define a partial order on S, as follows, we say that

(M, 1) < (Ma, p2)

if My C My and 9|y, = ¢1. For any chain in S of the form (M;, ¢;);er for some
indexing set I. We get a map ¢ : |J,.; Mi — A given by a(€ M;) — ¢i(a). Then
we get that (Uid M;, Lp) is an upper bound for the chain (M;, ¢;);c;. The Zorn’s
lemma applies and we get a maximal element (M,1). We claim that M = N.
Suppose the contrary. Then choose h € N \ M and consider the subgroup (h) of N.
If M N (h) =10 then the sum M @& (h) is a larger subgroup of N than M and we
can extend 1 to M @ (h) by defining 1 at h arbitrarily and extending by linearity.
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Now, let M N (h) # (). Take nh € M N (h) so that n is minimal. Then ¢ (nh) makes
sense as nh € M. Since A is divisible, there exists g € A so that ng = ¢(nh). By
defining ¥(h) = g, we get an extension of ) to M @ (h). This is a contradiction to
the maximality of (M, ). Therefore N = M. ]

Lemma 2. Every abelian group A can be embedded inside an injective abelian group.

Proof. Consider the abelian group Q/Z. This is clearly divisible and hence injective
by lemma 1. Consider the abelian group A. Let a € A be a nonzero element. Consider
the subgroup (a) C A. Then define a map ¢, : (a) —> Q/Z by the following rule

1 when a has infinite order
Spa(a) =

%L when order of ¢ is n € N

Since Q/Z is injective, there exists ¢, : A — Q/Z which extends ¢,. By the uni-
versal property of product in a category, this collection {44 }4c (0} defines a unique
map

v A— ]| @z

ac A\{0}

By definition v,(a) = 0 if and only if @ = 0. Thus # is an injective map. Thus we
get an embedding of A into [, A\{0} Q/Z, which is an injective and hence divisible
group. []

By lemma 5 and lemma 6 we get that the abelian group A can be embedded into a di-
visible group B. Using that we can embed A into Homy(Z|G], B) and Homgz(Z[G], B)
is an injective G-module. O

Following theorem 1, we embed A into an injective G-module Iy, then embed IY/A
to a G-module I' and continue the process. We get a long exact sequence

0 d!
0— A0 St Sz o ..

Definition 4 (Injective resolution). The exact sequence obtained above is called
an injective resolution of A.

Starting with an wnjective resolution of A and then taking the G-invariant functor,
we get a cochain complex

0 — (I9¢ L (e L (26 Ly L



i.e., d) o d' = 0 or, in other words, im(d’) C ker(d"*V). By definition, d~! is the
0-map 0 — (1°)¢. Then, we define the i™® cohomology group as follows

ker(d")

H'(G,A) = m

Vi>0

By definition, we can see that H'(G,A) = AY = {a € A:ga =aV g € G}. Let
M, N be two G-modules and let Homg (M, N) be the group of all G-module maps
f:M — N. Let ¢ € Homg(M, N). Take two injective resolutions

0 d!
0— M —J9 Sy gt 252 ...
i il
0—N—J" S gt 25 2 ...

Note the abuse of notations: we have used d’ for both the injective resolutions even
though they are not the same!

Then, by theorem 1, we get the following commutative diagram

0 —— M y 0 4 o _d 2 _d
sﬁl @ol P1 <P2l
0 sy N N A AN £ RN ¢ S N
Figure 1

Now, taking the G-invariant functor, the vertical arrows in figure 8 induce maps
H'(p): H(G,M) — H'(G, N)

between cohomology groups.

Right derived functors

The following is a pretty straightforward observation

Proposition 1. For a fized choice of injective resolutions for M and N, the maps
on cohomology groups, i.e., H'(p) : H(G,M) — H'(G,N) do not depend on the
choice of the maps p;’s.

Proof. Tt’s enough to prove that if o = 0, then H(p) = 0 for all i regardless of the
choice of ¢;’s. We construct maps g; : I*Y) — J?, with the convention that ¢! is
the O-map, such that ¢; = g;od' +d Yo g;_;. We construct it inductively given the
existence of ¢;_1,g;—1 and the injectivity of J;’s. Suppose that we have constructed
gi—1. We now have the following diagram:



761 dD i d’ . J(i+1)
‘ gi—1 //// ‘/ ‘
Pi—1 7 Pi Pit1
k// . .
Ji=1) d—b Ji d y g+
Figure 2

Inp, =giod +d"Yog_y, dis the map I' — I+Y and dUY is the map
JU=D — J'. We have the inclusion of G-modules im(d*) C I0*D. We define the
map g; : im(d") — J' as follows: Let a € im(d’) Then there exists b € I' such that
a = d'(b). Then

gi(a) = ¢i(b) — d""V(gi-1 (1))

We claim that this map is well defined. Let by, by € I’ such that d'(by) = a = d'(by).
Since d(by — by) = 0, by — by € ker(d’) = im(d"~Y). There exists b, € I~V such
that d~1(b,) = b; — by. Then we must prove

pi(b1) = di—1(g" D (B1)) = @i(ba) — d" V(g (b2))
= i(b1 — by) = d" V(g1 (by —bz))
= pi(d" V(b)) = d"V(gi-1(d"V(bs))) (1)

Hence it’s equivalent to show (t). By induction hypothesis, ¢;_; = gi_1 o d=1 +
d"? o g;,_5. Then

pi-1(bo) = gi—10d" D (bs) +d""? o g;_s(b)
= d"(p;_1(bo)) = d V(g1 0 dTI(be) + d) 0 gi_o(bs))

= d" V(g 1(d" V(Do) (1)
(since dY o d(i=2) = 0)

Since figure 1 is commutative, we get that

pi(d D (b)) = d' D (i_1(bo)) ()

Comparing (#) and (1) we get (). The base case is g_1 = 0, thus we have constructed
amap g : im(d’) — J'. Since J is an injective G-module and im(d’) C 10D is an
inclusion of G-modules, there exists g; : Y — J* such that ilim(ai) = gi- This g;
is the desired map as we can easily verify the relation ¢; = g;od* +d Yo g;_;. This
completes the induction step and hence the proof of existence of such collection of
maps {g;}i>_1. From these maps we can conclude that H'(¢) are all 0-maps. Hence
H'(y) is dependent only on ¢. The following noncommutative diagram sums up the
construction
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0 > M >
90‘/ 900‘ go/
v
d
0 > N >

I
Jo—
Figure 3
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Definition 5 (Cochain homotopy). The maps g;, constructed above, are called
cochain homotopy.

We make a wonderful observation. Let M = N and ¢ : M — N be the identity map.
Then H'(p) are the canonical induced maps H'(p) : H(G,M) — H'(G,N) =
H'(G, M). This shows that H'(G, M) are unique up to isomorphism and independent
of the choice of injective resolution. Similarly, the maps H'(¢) are also independent
of the choice of injective resolution and the maps ¢;’s. Hence H* defines a functor
from the category G-Mod of G-modules to the category Ab of abelian groups.

Definition 6 (Right derived functors). The functors H® from G-Mod to Ab are
called the right derived functors of the G-invariant functor.

Proposition 2 (Short to Long Exact Sequence in Cohomolgy). Given any
short exact sequence

00— M —M —M —0

There 1s a corresponding long exact sequence

0 —— HY(G, M) — - — HI(G,M") —2— H*Y(G, M)

)

— o —— HYYG,M") «—— HTYG, M)
Figure 4
The maps 6; are called the connecting homomorphism.
Proof. The proof is based on the following lemma, the so-called snake lemma

Lemma 3 (Snake lemma). For any commutative diagram with exact rows, as below,

0 s M s M’ s M/ ———— 0
fol f1 f2
0 s N s N/ s NV —— s
Figure 5



there ezists a canonical map 0 : ker(fs) — coker(fy) forming the following long
exact sequence

0 — ker(fy) — ker(f1) — ker(fs) BN coker( fy) — coker( fi)coker(fs) — 0

Proof. We just sketch how to define the map 0. Let x € ker(fy) C M”. Exactness of
the upper row tells us the map M’ — M" is surjective. Choose y € M’ so that the
image of y in M"” is x. Then we push y to N’ via f;. Again exactness tells us that
there is a preimage of f1(y) in N. Thus we get §. The independence on the choice of
y can be proved likewise we did earlier using the exactness of commutativity of figure
12. O

we can use the snake lemma to finish the proof. O
Proposition 3. Let M be an injective G-module. Then H'(G, M) = 0 for all i > 1.

Proof. Since M is injective itself, we can take I = M. Thus we get the following
injective resolution for M

O—M —M-—70—0—---

Since H'(G, M) are independent of the choice of the injective resolution, we get that
HY(G,M) =0 for all i > 1. [

Definition 7 (Acyclic module). Let M be a G-module. Then M is said to be
acyclic if H/(G, M) =0 for all i > 1.

Proposition 3 shows us that an injective module is acyclic. We note the existence of
a simple injective resolution in case of an injective module. It turns out that we can
replace injective resolution in the definition by an acyclic resolution for the purposes
of doing a computation. We state the following proposition in this regard

Proposition 4. Let

0— M — My — M; > Mo — - - -

be an exact sequence of G-modules with each M; acyclic. Consider the cochain com-
plex obtained by applying the G-invariant functor

0 — (My)¥ — (M))¢ — (My)¢ — - ..

The cohomology groups of this cochain complex coincides with the cohomology groups

HI(G, M).



Two important consequences of the long exact sequence

(o) Let

0—M-—M — M —0
be an exact sequence of G-modules and H'(G, M) = 0, then
0— MY — (MY — (M"Y —0

is also an exact sequence.

(ee) Let M’ be acyclic in the short exact sequence above. Then the connecting
homomorphisms 9; are isomorphisms

. & .
H'(G,M") = H G, M)

Cohomology of finite groups

Observe that if G is the one element group, then any G-module is acyclic. This
is because starting with any injective resolution of M, taking G-invariant does not
the affect the exactenss and hence the cohomology groups are all trivial. In fact,
G-modules are precisely the abelian groups. Thus every abelian group, thought as a
G-module for the trivial group G, is acyclic.

Let G be any group and H < G be any subgroup. Let M be an H-module. Then it is
a natural question to ask if we can somehow upgrade M to get a G-module. We know
that M is actually a Z[H]-module for the group ring Z[H]. Also, H being a subgroup,
Z|G] is also a Z[H]-module. Then we take the tensor product M ®z Z[G]. Clearly
this becomes a Z[G]-module over the group ring Z[G] and hence a G-module.

Definition 8 (Induction). Let M be an H-module for some subgroup H < G of
a group G. We define the induction of M from H to G, denoted by Indg(M), 1S
defined to be

Ind% (M) = M @z Z[G]

We may also identify Ind$ (M) with the set of maps ¢ : G — M such that ¢(gh) =
h-¢(g) for all h € H and ¢ € G. The action of G on Ind$ (M) is given by
g-o(g) = ¢(gg’). Z[G] contains a copy of G inside it. Let [g] € Z[G] be the
image of g € G in Z[G]. The element m ® [g] € M ®gzg) Z|G] corresponds to the
map @ : G — M given by

) (99)-m g9 € H )
m = Y & G

9



Theorem 2 (Shapiro’s lemma). Let H be a subgroup of G and N is an H-module.
There is a canonical isomorphism

H(G,Ind%(N)) — H'(H, N)
In particular, N s acyclic if and only if Indg(N) 15 acyclic.
Proof. We only sketch the key points of the proof.

1. It is easy to check that

HY(G,Ind%(N)) = (Ind%(N))¢ = N = H(H, N)

2. The functor Indg from H-Mod to G-Mod is both right and left exact, i.e.,
for every injective Z[H|-module map ¢ : A — B, the induced map

¢ @z Z[G) : A @z L|G) — B @z Z[G]

given by a ® [g] — ¢(a) ® [g] is also injective. In face, Z[G] is a free Z[H]-
module.

3. If I is an injective H-module then Ind% (1) is an injective G-module. For
proving this we need the following lemma

Lemma 4. Let H be a subgroup of G, let M be a G-module, and let N be an
H-module. Then there are natural isomorphisms

Homg (M, Ind% (N)) = Homp (M, N)
Homg (Ind%(N), M) = Homp (N, M)

Proof. Wherever in the proof I put a *-’, [ mean group action and only juxta-
position means product in either group or module. First we consider the case
M = N. Then the identity map M — N = M corresponds to the following
maps:

® : Ind% (M) — M given by

ng®[9] '—>Zg'mg

geG geq

W : M — Ind% (M) given by

m Z(Qz"m) ® [g; ]

10



where the sum is taken over a set distinct representatives g; of left cosets of H
in G, given that [G : H] < oco. The map ¥ doesn’t depend on the choice of g;’s
and hence

U(g-m) =W (Z(ggi -m) @ [(ggi)1]> 9] = W(m)[g]

(]

Therefore W is clearly compatible with G-action.
Now, let N be any H-module. Let ¢ € Hompy (M, N). Then we get a map
¢ ® Z[G) : IndG (M) — Ind$(N)
given by m ® [g] — ¢(m) ® [g]. Therefore
(¢ @ Z[G]) o U : M — Ind%(N)
is the required map in Homg(M, Ind$(N)). This gives a map
Homp (M, N) — Homg (M, Ind$(N))
We have similar maps, as ® and W,

® :Ind4(N) — N
U : N — Ind%(N)

Let ¢ € Homg(M,Ind%(N)). Then, for any m € M, 3(m) € Ind%(N) can be
identified with a map ¢ : G — N. Now, compose with the map ® to get the
map which takes ¢ to ¢(e) € N. Thus we get a map

Homg (M, Ind% (N)) — Hompg (M, N)

On the other hand, let ¢ € Homg (N, M). This induces the map
Y ® Z[G] : Ind$(N) — Ind% (M)

Then ® o (1) ® Z[G]) is the required map in Homg(Ind%(N), M). Hence we
get a map

Homy (N, M) — Homg(Ind%(N), M)
On the other hand, let ) € Homg(Ind%(N), M). We have a map
¥ : N — Ind$(N)

Using this we get a map (evaluating on n ® [e]) N — M. This completes the
proof. ]

11



Using these three steps we can establish the proof of Shapiro’s lemma. ]

Definition 9 (Induced G-module). A G-module is said to be induced it there exists
and abelian group, i.e., a {1}-module, such that M = Ind{(N) = M ®z Z[G].

Corollary 1. Induced G-modules are acyclic.

Proof. There exists a {1}-module (i.e., an abelian group) N so that M = Ind$ (V).
By Shapiro’s lemma,

H(G,M)=H(G,Ind¢(N)) =2 H'({1},N)=0 Vi>0
Hence M is acyclic. O

Corollary 2. Let L/K be a Galois extension, then L naturally is a G-module for
G = Gal(L/K). We have

H'(Gal(L/K),L)=0 Vi>0
Proof. According to the normal basis theorem, there exists a € L such that
{o(a) : 0 € Gal(L/K)}

is a K-basis of L as a K-vector space. Consider the map K ®y Z|G|] — L given by
k ® [o] — ko(a). Since every element of L can be uniquely written as ) . koo (o)
for ky € K, we get that L = K ®zZ[G] = Ind{ (K). By corollary 3, we are done. [J

Definition 10. For any cochain complex (A®,d®), the elements of A® are called i-
cochains, elements of ker(d') are called i-cocycles and elements of im(d"~)) are called
t-coboundaries.

The first cohomology group H'(G, M)

We give a description of H'(G, M) for a G-module M that is useful for computational
purposes. Let

CYG, M) = {p:G— M}
be the 1-cochains,
ZHG, M) = {p € CY(G, M) : p(gh) = g (h) + ¢(g)}
be the 1-cocycles or the crossed homomorphisms and
BYG, M) ={pcCG,M): 3me M,p(g)=g-m—mVgeG}
be the 1-boundaries. Then



The second cohomology group H?(G, M)
A 2-cocycle is a map f: G x G — M satistying

g1 - f(92,93) — f(9192, 93) + f(91, 9293) — f(91,92) =0

for all g1, g0, 93 € G. It classifies the short exact sequences

1l— M —F—G—1

for a fixed action of G on M.

Extended functoriality

Let M be a G-module and M’ be a G'-module. Suppose that a : G' — G be a
given group homomorphism. Let 5 : M — M’ be an abelian group homomorphism

such that B(a(g) - m) = g - f(m) for all m € M,g € G'. This gives a canonical
homomorphism

H'(G,M) — H'(G', M)

Below are some principal examples of extended functoriality

(1) The cohomology groups don’t seem to carry a nontrivial G-action, because we
compute them by taking G-invariants. This can be reinterpreted in terms of extended
functoriality: let a : G — G be the conjugation by some fixed h.i.e., g — h~gh
and let 8 : M — M be the map m +— h - m. Then the induced homomorphisms
H'(G,M) — H'(G.M) are all identity maps.

(2) [Restriction map] Let H < G be a subgroup of G and M a G-module. Then
M is also an H-module. Let M’ be the same M but the G-action forgot except H.
Then we get the restriction map

Res : H'(G,M) — H'(H, M)

This can be obtained in another way using the map M — Ind% (M) given by
m — >_.(gi-m) ® [g; ]. Then we get the following by Shapiro’s lemma

H(G,M) — HY(G,Ind$%(M)) =+ H'(H, M)
(3) [Corestriction map] Let M be a G-module and consider the map Ind% (M) —s

M given by m ® [g] — ¢ - m. This gives, applying Shapiro’s lemma, the following
so-called corestriction map

Cor : HY(H, M) = H'(Ind$ (M), M) — H(G, M)

13



(4) The composition Cor o Res is given by
mHZ(Qi'm)@)[gi_l] |—>Zm: |G : Hlm

Thus the composition CoroRes : M — M is the multiplication by the index |G : H].

Consequence. Let H be the trivial group. Then H'(H,M) = 0 for all i > 0.
In this case the composition Cor o Res is multiplication by [G : H| = |G| map, i.e.,
m +— |G|m. Thus every cohomology group H*(G, M) is annihilated by |G|. Therefore
M is a torsion module but not necessarily finite. In particular, when M is finitely
generated, H'(G, M) are finitely generated and being annihilated by |G|, we get that
H'(G, M) are all finite.

(5) [Inflation map] Let H < G be a normal subgroup. Let a: G — G/H be the
natural projection and 3 : M* — M be the injection. Clearly G/H acts on M and
hence M is a G/H-module. Then we get canonical homomorphism, the inflation
homomorphism

Inf: H(G/H, M") — H'(G, M)

Galois Cohomology

Galois cohomology is group cohomology with Galois groups. For this, we need to
know about a certain kind of topology on Galois groups and profinite groups.

Profinite groups

A profinite group is a topological group which is Hausdorff and compact, and which
admits a basis of neighborhoods of the identity consisting of normal subgroups. More
explicitly, a profinite group is a group G plus a collection of subgroups of GG of finite
index designated as open subgroups, such that the intersection of two open subgroups
is open, but the intersection of all of the open subgroups is trivial.

Definition 11 (Profinite group). A Profinite group is a topological group which is
the tnverse limit of finite groups, each given the discrete topology.

A profinite group is compact and totally disconnected. The converse is also true.
Proposition 5. A compact totally disconnected topological group G is profinite.

Proof. Since G is totally disconnected and compact, the open sets of G' form a base
of neighbourhoods of 1, the identity of G. Let U be an open subgroup of G. Consider
the left cosets gU for g € G. This is an open cover of GG. Since G is compact, there are
finitely many ¢:U, g2U, . .., gxU such that G = Ug;U. Then [G : U] < oo. Therefore
the conjugates gUg ™! for g € G are finite in number and their intersection V' is both

14



open and normal in GG. Thus, we get a base of neighbourhoods of 1 which are normal
subgroups of GG. Consider the inverse limit

limG/V
—

taken over the quotients G/V where V runs through the base of normal neighbour-
hoods of 1. The map G — lim G/V is injective, continuous, and its image is
—

dense; a compactness argument then shows that it is an isomorphism. Hence G is
profinite. []

The most interesting and important example for us is any Galois group. Let L/K
be a Galois extension, finite or infinite, the Gal(L/K) is a profinite group, in the
following way:

By, construction, Gal(L/K) is the inverse limit of the Galois groups Gal(L;/K) for
finite Galois extensions K C L; C L. Since each Gal(L;/K) is finite and equipped
with discrete topology, we get that Gal(L/K) is finite. For example

G = Gal(Q/Q) = lim Gal(K/Q) V K/Q, [K : Q] < o0
Gr, = Gal(F,/F,) = lim Gal(F, /F,) = limZ/nZ = Z

n

The profinite topology, i.e., the topology on a Galois group induced by the inverse
limit is special and is called the Krill topology. We recall a theorem from the theory
of topological groups

Theorem 3. Let G be a topological group and N be a base of neighbourhoods of 1.
Then the following are true

(a) for all Ny, Ny € N, there exists an N' € N such that 1 € N' C Ny N Ny;

(b) for all N € N, there exists an N' € N such that N'N' C N;

(c) for all N € N, there exists an N' € N such that N' C N™' ={n"!':n € N}
(d) for all N € N and all g € G, there exists an N' € N such that N' C gNg™*

(e) forall g € G, the set {gN : N € N'} is a base of neighbourhoods of g.

Conversely, if G is a group and N is a nonempty set of subsets of G satisfying (a),
(b), (c) and (d), then there is a (unique) topology on G for which (e) holds.

Proof. Milne, Fields and Galois Theory, proposition 7.2 ]

Let L/K be a Galois extension and G = Gal(L/K). Let S C L be a finite set. The
consider the set

G(S)={oceG:0(s)=sVseS}
This is a subgroup of G. We claim the following:
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Proposition 6. There is a unique structure of a topological group on G for which
the sets G(S) form an open neighbourhood base of 1. For this topology, the sets G(.S)
with S G-stable form a neighbourhood base of 1 consisting of open normal subgroups.

Proof. 1t is easy to see that for two finite subsets S1,S2 of L, G(S1) N G(Ss) =
G(S1 U Ss), S1 U S, is finite. Hence (a) in theorem 27 is true. Also, (b) and (c) are
true since G(9S) is a subgroup of G. We now show that (d) is true as well. Let S be
a finite subset of L. Then K (S)/K is a finite extension. Then there are only finitely
many K-homomorphisms K (S) — L. Since o|g(s) = 7|k (s) implies o(S) = 7(9),
the set S = UyeqoS is finite. Now, o(S) = S for all ¢ € G. Thus G(S) < G
and hence 0G(S)o~! = G(S) € G(S). Hence by theorem 27, there exists a unique
topology on G such that {G(S) : S C L,|S| < oo} is a base of neighbourhoods of

1. []

Definition 12 (Kriill topology). The topology generated by the base of neighbour-
hoods of 1, namely G(S) for finite S C L, is called the Krill topology on Gal(L/K).

If L/K is a Galois extension, but not necessarily finite, we make G = Gal(L/K) into
a profinite group by declaring that the open subgroups of G are precisely Gal(L /M)
for all finite subextensions M of L.

Theorem 4 (Generalized Galois correspondence). Let L/K be a Galois exten-
sion (not necessarily finite) and let G = Gal(L/K). There is a 1-1 correspondence
between Galois subextensions L/M /K and normal closed subgroups H given by

H+—s Fix(H) M —> Gal(L/M)

Proof. N. Jacobson, Basic Algebra II, Theorem 8.16. O

Cohomology of profinite groups

One can do group cohomology for groups which are profinite, not just finite, but
one has to be a bit careful: these groups only make sense when you carry along the
profinite topology.

Definition 13. If G is profinite, by a G-module we mean a topological abelian group
M with a continuous G-action on M. In particular, we say M 1is discrete if it has
the discrete topology; that implies that the stabilizer of any element of M is open,
and that M is the union of M over all open subgroups H of G. Canonical example:
G = Gal(L/K) acting on L*, even if L is not finite.

The category of discrete G-modules has enough injectives, so we can find injective
resolutions for M with discrete injective G-modules and define cohomology groups
for any discrete G-module. The main point is that we can compute them from their
finite quotients.
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Proposition 7. Let M be a discrete G-module for a profinite group G. The coho-
mology groups H'(G, M) are the direct limit of H'(G/H, M*®) for normal subgroups
H and the direct limit is taken with respect to the inflation homomorphism

Inf: H(G/H,M") — H'(G, M)
Proof. Milne, Class Field Theory, Proposition 11.4.4. ]

We have talked about the inflation homomorphism before as an example of extended
functoriality. We give a formal definition below.

Definition 14 (Inflation homomorphism). Let Hy, C H; C G be inclusions of
subgroups of finite index. Then we have the inflation homomorphism

Inf : H'(G/Hy, M™) — H'(G/H,, M)

Via these maps, the groups H*(G/H, M*) form an inverse system and proposition
17 tells us that H'(G, M) is the direct limit of this system.

Hilbert’s theorem 90 and some applications

Theorem 5 (Hilbert’s Satz 90). Let L/ K be a finite Galois extension of fields with
Galois group G = Gal(L/K). Let L™ be the multiplicative group of nonzero elements

of L. Then HY(G,L*) = 0. Moreover, H'(Gg,K ) = 1, wheher Gg = Gal(K/K)
is the absolute Galois group of K.

Proof. We have to show that all 1-cocycles are 1-coboundaries. We denote the action
of the elements of G on L by 29 for g € G,z € L*. Also, we assume that G is written
multiplicatively. Then

HYG, LX) =

where
ZNG, L") ={f:G — L*: f(gh) = f(¢)"f(h) for all g,h € G}
BYG, L) ={f:G — L*: f(g) = z(2)"'Vg € G for some x € L™}

Let f € ZY(G,L*). Then the maps ¢, : L* —> L given by & +— 29f(g) is an
automorphism of L. By linear independence of automorphisms we get that

29095—&0

geqG

Then there exists x € L such that
y=> a'f(g) #0

geG
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Now, for any h € G, we get that

g =) f(g) =D e f(gh)(F(h) T = y(f(R)

geG geG

Then, f € BY(G, L*). This shows that every 1-cocycle is a 1-coboundary and hence
HYG,L*) = 0.

Now, the cohomology group H'(G K,Kx) is, by definition, the following direct limit
HY Gy, K") =lim H (G /H, (K )™
—

Where the direct limit is taken through all open normal subgroups H of G and with
respect to the inflation homomorphisms. For any such open normal subgroup H,

Grx/H = Gal(Ly/K) and (K)# = Ly for some finite extension Ly /K. Thus
by Hilbert’s theorem 90 for finite extensions, we get that Hl(GK,FX) = 1 since
HY(Gy/H,(K*)") =1 for all open normal subgroups H of G O

Corollary 3 (The classical version of Hilbert’s theorem 90). Let L/K be a
finite cyclic extension (i.e., a Galosi extension with cyclic Galois group) and let o be
a generator of the Galois group G = Gal(L/K). Let o € L be some element such

that N (o) = 1. Then there exists § € L such that o = 3/o(f).

Proof. Exercise. Hint: Use the fact that Ny /gx(a) =1 <= ao(a)---0" (a) =1,
where n = [L : K| and imitate the proof of Theorem 5. [

Corollary 4 (Additive Hilbert’s theorem 90). Let L/ K be a finite cyclic exten-
sion and o be a generator of the Galois group Gal(L/K). Let o € L be such that
Trp (o) = 0. Then there exists 8 € L such that o = 3 — ().

Proof. Exercise. Hint: Use the fact that Trp/x(a) = 0 <= Z;Z& o’ (a) = 0,
where n = [L : K]. Now, try to define 5 € L explicitly. O

To demonstrate an application, we prove Exercise 1.12. from Silverman’s AEC.

Problem.
(a) Let V/K be an affine variety. Prove that

K[V]={feK[|V]: fo=fVoecGxg}

(b) Prove that

PYK)={PeP'K): PP=PVoeGg}

(c) Let ¢ : Vi — V4 be a rational map of projective varieties. Prove that ¢ is defined
over K if and only if ¢7 = ¢ for all 0 € Gk.

18



Solution. Since K[V] = K[X]/I(V/K), any f € K[V] is represented by a polyno-
mial in K[X]. Then it’s clear that f7 = f for all 0 € Gk. Therefore

KlV]c{feK[|V]:f7=fVoecGg}

Let F € K[X] such that F = f (mod I(V)), where f is some element of K[V] fixed
by all 0 € Gg. Since F' € K[X], F is not necessarily the same as F. The map
o — F? — F is non-trivial. For any 0,7 € G, we get that

F"—F=F7_F +F —F=(F —F) +(F° —F)

Also, F7 = f7 = f = F (mod I(V)). Thus F? — F € I(V) for all 0 € Gk. This
shows that the map o — F7 — F'is a 1-cocycle G — I(V'). Therefore, if we write

F(X)=) a,X"

«

for a, € FJF, we get a 1-cocycle Gg — K" and by B.2.5a, Hl(GK,KJF) = 0, thus
they are 1-coboundaries. Thus there exists G € I(V') such that
o= F —F=0—-G -G
(for all o € Gg)

This shows that
(F-G)° —(F-G)=0VoeGg

Thus F' — G € K[X]. This shows that f € K[V]. This completes the proof.
(b) Let B

Pe{P'K): PP=PVYoeGg}
and P = [z9 : z; : --- : x,] be a homogeneous coordinate for P € P*(K). Since
P? = P as homogeneous coordinates, there exists A\, € K * such that ! = A\ox; for
1=0,1,...,n. We claim that o — A, is a 1-cocycle G —> K" Indeed, for o, 7 €

Gr, 277 = Aorxy. Also, 277 = (7)) = Ay and (7)) = (Nox;)” = Noal = N\ ;.

Since x; # 0 for at least one 0 < ¢ < n, we get that

Aor = Ao Vo,7 €l
By Hilbert’s theorem 90, we get that there exists a € K™ such that \, = a’ [a for

all o € Gg. Therefore, we get 7 = a7 /ax; or (fx;)? = Bx; for all 0 € G. Thus
az; € K for all 0 € G, where 8 = a~!. This shows that

P=P°=[Bxy:Pxy: - : px,] € P(K)
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Therefore {P"(K) : P° = PV o € Gg} C P"(K). The other inclusion is clear. This
completes the proof.

(c) Let V4, Vo C P™ be two projective varieties over K and ¢ : V1 — V4 be a rational
map. Then there are functions fy, fi,..., fn € K (V1) such that f; are defined for all
points P € Vi. If ¢7 = ¢ for all ¢ € Gk, then we get that for any P in V;, we get
that

So(P) [T(P) -2 [ (P)] = [fo(P) - fi(P) -+ fulP)]
By part (b), there exists A\ € K such that
()\fj)a:/\fj VoeGg,0<7<n

Hence by part (a) Af; € K(V7). This completes the proof.
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